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Models of network diffusion typically rely on the Laplacian matrix, capturing interactions via direct
connections. Beyond direct interactions, information in many systems can also flow via indirect
pathways, where influence typically diminishes over distance. In this work, we analyze diffusion
dynamics incorporating such indirect connections using the d-path Laplacian framework. We
introduce a parameter, the indirect influence, based on the change in the second smallest eigenvalue
of the generalized path Laplacian, to quantify the impact of these pathways on diffusion timescales
relative to direct-only models. Using perturbation theory and mean-field approximations, we derive
analytical expressions for the indirect influence in terms of structural properties of random networks.
Theoretical predictions align well with numerical simulations, providing a phase diagram for when
indirect influence becomes significant. We also identify a structural phase transition governed by the
emergence of d-paths and derive the critical connection probability above which they dramatically

alter diffusion. This study provides a quantitative understanding of how indirect pathways shape
network dynamics and reveals their collective structural onset.

Diffusion processes on networks are fundamental in understanding a wide
range of phenomena in complex networks'; these include information
spreading in social systems’, disease propagation’, and transport dynamics
in physical and biological systems"’. These processes are often modeled
using the Laplacian matrix of the network®, which captures the dynamics of
local interactions based on the structure of the direct connections
between nodes.

In some systems, considering only the direct connections within a
network fails to capture all diffusion pathways, and underlying mechanisms
may alter how the spreading occurs. To address the limitations of simpli-
fying complex networks as basic graphs, various extensions within the
framework of higher-order networks have been proposed. These include
multiplex networks, multilayer networks, hypergraphs, simplicial com-
plexes, and others’™. These efforts to go beyond pairwise interactions often
focus on incorporating group interactions. However, they still overlook an
important feature of network dynamics where the strength of interaction
gradually decreases as the separation between nodes increases in the
underlying graph structure.

In particular, this drawback has been emphasized in the diffu-
sion of information in social systems'’, where the decaying influence
between nodes is necessary to capture the underlying dynamics,
making the introduction of indirect connections, or “weak ties”,
particularly relevant. An indirect connection allows a weaker spread
of information between two nodes, i and k, that are not directly
connected but are connected through a third node j, in a path of
length two. While j is implicitly involved in the process, it does so
passively, without being influenced by the transmitted information.
The importance of indirect connections has also been pointed out in

other contexts. For example, second-order neighbors in online net-
works can significantly influence political mobilization and social
influence', and in ecological systems, indirect connections among
species can shape coevolutionary dynamics and network structure'”.

One proposed approach to incorporate these indirect connec-
tions is through the use of the d-path Laplacian and the d-path
adjacency matrices", a natural generalization of the Laplacian and
the adjacency matrices to include higher-order paths and establish
the theoretical possibility of non-local diffusion, even demonstrating
super-diffusive behavior under certain conditions for single-particle
dynamics'*'®. Other options to incorporate indirect influence in
networks include the multi-hop random walks model’’, and the
fractional Laplacian'”, which show important qualitative and
quantitative differences with respect to the d-path Laplacian
approach. Beyond diffusion, indirect influence can also affect other
dynamics, such as synchronization'’ and consensus models™.

Indirect diffusion has proven effective in modeling real-world sce-
narios, e.g., capturing the long-range dispersal of pathogens via vectors in
epidemics”, showing how peer pressure can shape consensus and leadership
in social groups™, and accounting for the accelerated diffusion of innova-
tions through socially-close peers in experiments™. Despite its practical
importance, the interplay between network structure and diffusion
dynamics remains poorly understood, although it has proven central in
other frameworks™”.

In this work, we extend standard network diffusion models to quan-
titatively assess the impact of influence propagating indirectly along net-
work paths. Employing the d-path Laplacian framework, we introduce the
indirect influence parameter { to precisely measure the change in diffusion
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timescales caused by these non-local interactions, linking it directly to the
spectral properties of the generalized Laplacian. We provide a theoretical
foundation for this parameter, deriving analytical expressions for { in ran-
dom networks using perturbation theory and mean-field approximations,
leading to a predictive phase diagram validated by numerical simulations.
Furthermore, we uncover and characterize a structural phase transition
associated with the emergence of d-paths, deriving its critical threshold
p«N) and revealing its fundamental role in altering diffusion dynamics. This
framework offers a robust method for analyzing the contribution of indirect
pathways in complex network processes.

Results
Indirect influence
To analyze diffusion dynamics incorporating non-local interactions, we
employ the d-path Laplacian framework". This approach extends the
standard Laplacian model by considering pathways of length d > 1 between
nodes. The framework uses d-path adjacency matrices, A, where
(A(d))] = af]d =1 if the shortest path distance between nodes i and j is
exactly d, and 0 otherwise. From these, the corresponding d-path Laplacian,
L9 = K9 — A, is constructed, where K is the diagonal matrix of d-path
degrees k(d) > a(d) (see Methods).

To capture dlffuswn across paths of all lengths up to the network
diameter D, while allowing for influence to decay with distance, we consider
the path Laplacian as:

D

L=>Y a1, (1)

d=1

where o > 0 is a parameter controlling the decay rate of influence with path
length d. Setting & = 0 implies uniform influence regardless of distance, while
a large a recovers the standard local diffusion dynamics dominated by
L™ = L. The path Laplacian L retains the essential properties of the standard
Laplacian, being symmetric and positive semi-definite. Notice that this path
Laplacian can be interpreted as the Laplacian matrix of the path network, see
Fig. 1, where each link is weighted according to its diffusion rate d .
The diffusion dynamics on a network governed by the path Laplacian
are described by:

x(t) = —Lx(1), @)

where x(f) is the vector of node states at time ¢. Assuming the network is
connected, the general solution is given by:

N N
x())=3 Ce ', )
i=1

where 0 = 1, <A, < --- <y are the eigenvalues and v, are the corre-
sponding eigenvectors of L, and C; are constants determined by initial

Direct connections

1-path network 2-path network

Indirect connections

conditions. The convergence to the equilibrium state, where x; = x; for all 7, j,
is governed by the second smallest eigenvalue, A,, often called the algebraic
connectivity or Fiedler value®”. The characteristic diffusion time is
7 = 1/A,; a larger A, means faster convergence.

In contrast, standard diffusion models only consider direct connec-
tions, described by x = —Lx, where L = L%, with a diffusion time 7 = 1/A,,
where 1, is the second smallest eigenvalue of the standard Laplacian L. To
quantify the impact of including indirect pathways on the diffusion time-
scale, we introduce the indirect influence, defined as the normalized change
in the algebraic connectivity:

(= ) 4

This parameter ranges from 0 to 1, since N is the maximum value that any
eigenvalue can take in a Laplacian matrix®, and A, >, since the original
1-path network is a (weighted) spanning graph of the path network™. A value
of { = 0 indicates that indirect connections do not alter the diffusion timescale
compared to the direct-only model, while { > 0 means that indirect pathways
accelerate the diffusion process, with larger values indicating a greater impact.
This parameter provides a quantitative measure to address when and how
significantly indirect connections reshape network diffusion dynamics.

Theoretical approximation of indirect influence
To understand how network structure influences the indirect influ-
ence, we derive an analytical expression for it, particularly focusing
on general random networks characterized by their size N and
expected connection probability p = (a;;). We begin by considering
the regime where indirect connections act as a perturbation to the
direct diffusion process, which corresponds to a strong decay of
influence with distance, o > 1.

In the large & limit, the path Laplacian L is dominated by the d = 1 term.
We start by including the most significant indirect contribution, the d = 2
term, scaled by a small parameter € = 27" <« 1:

L=L+2%L® =L +¢L?. (5)

We can now apply standard perturbation theory to find the change in the
second smallest eigenvalue A, of the standard Laplacian L. Let A, and v,
be the eigenvalue and corresponding normalized eigenvector of L
(Lv, = Ayvy, vIv, = 1). The perturbed eigenvalue )L of L is, to first order
in € (see Methods):

A =4, + vl Ly, + O(e?). (6)
Substituting this into the definition of the indirect influence, we obtain:

2741 1@y,

N @)

(~

All connections
path network

3-path network

Fig. 1 | Diagrams of d-path networks and the path network. The figure shows the d-path networks derived from a base network and the corresponding path network that

combines all d-paths.
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to first order in e. This expression quantifies the indirect influence arising
from 2-paths in the perturbative regime, but it still depends on the specific
eigenvector v, and the 2-path Laplacian L® of a given network.

To obtain an expression dependent only on average network proper-
ties, we employ a mean-field approach to approximate the expectation value
of the quadratic form v} L®v, over an ensemble of general random net-
works. Assuming the entries of the eigenvector v, are uncorrelated with the
entries of L) and are independent identically distributed random variables
satisying > | (v,)> = 1 and 3% | (v,), = 0%, we can approximate the
expectation:

<V2TL(2)V2> = <Zf\]1k§2)("z)?> N <zi1 Jl\il 512)("2) (V2)>
W) v oY)
(8)

Using the properties ((v,);) =% and <(v2)i(v2)j>
Methods), this simplifies to:

(VIL®v,) ~ <k§2>> + <u§.f>>‘ ©)

Defining the expected connection probability of the 2-path network as
P = (2)) and noting that the expected 2-path degree is
<k(2) > (N — 1)p®@, we arrive at:

N(N 5 (see

(VILO)y,) ~ Np® (10)
Substituting this mean-field result back into Eq. (7), the expected indirect
influence due to 2-paths is approximately:

{~27%@, (11)

The expected 2-path connection probability p® can be expressed in

terms of the direct expected connection probability p of the
underlying network. A 2-path exists between nodes i and j if they
are not directly connected (a; = 0) but there exists at least one
intermediate node k such that a; = 1 and ay; = 1. Using a mean-field
argument for the existence probability over the N — 2 potential
intermediate nodes:

p? = Pla) =1} = P{a; = 0}P(3k € G| ayay; = 1}
= Pla; = 0) (1 — P(Vk € G| ayay, = 0})
~ Pla; = 0} (1 — (1 — Plk € Glagay, = 1})N*2)
Ca-p(i=a-p")
(12)

This provides an explicit expression for p® based on the network parameters
Nand p.

The perturbation and mean-field approach can be extended recursively
to account for contributions from d-paths with d > 2. Each d-path term
contributes approximately d “p'” to the indirect influence {. The d-path
expected connection probability p” can be approximated similarly to p,
considering the condition that no shorter path exists between the nodes and
that at least one path of length d exists (see Methods):

. (N—Z)

—1

(o) [l
i=1

Therefore, the total indirect influence { can be approximated by
summing the contributions from all relevant path lengths (d =2, ..., D):

£ aopmlact)

i=1

(13)

D
(N, p,a)~ Y d™* <1
d=2

(14)

Figure 2 shows the behavior of these calculated expected d-path
probabilities p” as a function of the direct connection probability p for both
Erdés-Rényi (ER) and Random Regular (RR) networks. The theoretical
predictions are compared with results obtained from direct numerical
simulations. The plots demonstrate that the recursive mean-field calculation
accurately captures the dependence of p%, especially for smaller values of d.
As d increases, the accuracy of the mean-field approximation slightly
decreases, likely due to increasing correlations between paths that are
ignored in the calculation.

Therefore, Eq. (14), combined with the recursive calculation of p®
validated in Fig. 2, provides a theoretical framework to predict the total
indirect influence { based on the structural network properties and the
influence decay parameter a.

Phase diagram for indirect influence

Having derived the theoretical approximation for the indirect influence, we
now test its validity by comparing it against direct numerical simulations
across a wide range of network parameters. We computed { numerically for
ensembles of Erdds-Rényi (ER) and Random Regular (RR) networks by
calculating the second smallest eigenvalues A, and 1, of the full path
Laplacian L and the standard Laplacian L, respectively.

Figure 3 presents the phase diagram of the average indirect influence {
in the parameter space defined by the connection probability p and the decay
exponent «, for both ER and RR networks with N = 1000. The agreement
between the theoretical predictions and the simulation results is remarkably

Fig. 2 | Expected connection probabilities of d-

path networks relative to the 1-path network. 1:
Expected connection probabilities for different d-

path networks p' as a function of the expected a
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Fig. 3 | Average indirect influence across
parameter space. Average indirect influence ({)
computed over all possible d = 1, ..., D paths for
networks with N = 1000 nodes, as a function of the
connection probability p and path decay rate a.

a Erdés-Rényi (ER) networks. b Random Regular
(RR) networks. Solid white lines correspond to the
contour levels of the color map that corresponds to
the simulations, and the dashed white lines corre-
spond to the theoretical contour levels. We compute
100 different networks for each combination of &
ranging from 0 to 4 in steps of 0.1 and p ranging from
0 to 1 in steps of 0.001. The colorbar represents the
average indirect influence ().

ER networks

RR networks

good across the entire phase space for both network types. This alignment
holds even for small values of «, which are technically outside the o > 1
regime where the perturbation theory was initially applied. This indicates
that the mean-field approximation for the expected d-path probabilities p*
and the additive contribution assumption in Eq. (14) effectively capture the
collective impact of indirect pathways on diffusion dynamics.

The phase diagram provides valuable insights into when indirect
influence becomes significant. As expected, { decreases as « increases,
reflecting the diminished contribution of longer paths when influence
decays rapidly. For a fixed a, { generally decreases with increasing p, as
denser networks offer less potential indirect pathways. This phase diagram
serves as a practical tool to determine, based on network structure and the
assumed decay mechanism, whether incorporating indirect connections is
likely to substantially alter the system’s diffusion timescale compared to a
standard direct-only model. Furthermore, the framework provides a
quantitative measure, ¢, of the magnitude of this effect.

Analysis of the uniform weighting limit (a = 0)

The theoretical framework based on perturbation theory assumes a>> 1. We
now investigate the opposite limit, &« = 0, where influence does not decay
with distance, i.e., d* =1 for all d. In this limit, the path Laplacian becomes
L= 23:1L(d) and the perturbation approach is no longer valid, requiring
an alternative analysis.

If we consider only direct and 2-path connections, the path Laplacian is
L=1L® 4+ L®, This structure resembles the Laplacian used in studies of
diffusion on duplex networks™”. Analogously, we can approximate the
combined 1-path and 2-path network as a single effective network. Since the
edge sets of the 1-path and 2-path networks are disjoint, by definition of A,
we approximate this effective network as an Erdés-Rényi network with N
nodes and an effective connection probability p.g= p + p, where p and p®
are given by Eq. (12). The algebraic connectivity A, for this truncated & = 0
case can then be approximated by the known results for the algebraic con-
nectivity of ER and RR networks™". The indirect influence can be written as:

FER/RR _ AN, p +p@) = BV, p) (15)
a=0 - N .

The approximation for large (N > 1) unweighted RR networks of degree
k=p(N—-1)is:

AR ()~ k — 27k — 1.

And for large unweighted ER networks is:

AR(N,p) ~ p(N — 1) — \/2p(1 — p)(N — 1) log N

(N = Dp(1 —p) N?
+ \/ 2logN log \/2ﬂlog (E) a7)

= opi—p)
2logN v

(16)

where p is the connection probability of the nodes and y is the Euler-
Mascheroni constant.

To assess the validity of this ER approximation for the combined
1-path and 2-path network, we examine its degree distribution in Fig. 4.
While the average degree matches the expectation, the shape of the dis-
tribution differs from the theoretical binomial distribution predicted for an
equivalent ER graph. For ER base networks, Fig. 4a, the combined network
exhibits a broader tail, whereas for RR base networks, Fig. 4b, the dis-
tribution is narrower. These differences indicate that the combined 1-path
and 2-path network structure deviates from a pure ER graph, which may
introduce inaccuracies in the 12 approximation based on )LIZER.

If we consider the full path Laplacian at « = 0, assuming the underlying
network is connected, the path network effectively becomes the complete
graph Ky. This is because for any two nodes i, j in a connected graph, there
exists a shortest path of some length d < D. The algebraic connectivity of the
complete unweighted network is A, = N?°. Therefore, in this limit, the
indirect influence reaches its maximum possible value:

ER/RR

SR L 8)

N

Figure 5 compares the theoretical approximations for « = 0 with
simulation results. Overall, the results are in strong agreement. However, for
ER networks, there are slight deviations that align with the differences in the
degree distributions shown in Fig. 4. This analysis highlights that while the
o = 0 case represents maximal indirect influence, accurately predicting it
requires either considering the full path network or carefully accounting for
the structural specifics of truncated path networks beyond simple ER
approximations.

Structural phase transition of indirect connections

The preceding analyses show that the significance of indirect influence ('is
closely related to the prevalence of d-paths, particularly those corresponding
to non-negligible weights d™* The sharp changes observed in the p” curves
and the behavior of { at low p suggest the existence of an underlying
structural transition related to the emergence of these indirect connections.
We now characterize this phenomenon more formally.

Inspired by the concept of connectivity transitions in random
graphs”, we focus on the completeness of the network formed by
considering both direct and indirect paths. For simplicity, let’s first
consider the network formed by only 1-paths and 2-paths, ignoring
the weighting d* and focusing solely on the presence or absence of
connections. The density of connections in this combined network
can be quantified by its completeness v, defined as the probability
that a randomly chosen pair of nodes i and j is connected by either a
1-path or a 2-path:

v=p+p? (19)
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Fig. 4 | Degree distribution of the path network.

ER networks

RR networks

Degree distribution of the path network P(k), with 0.05r 0.05r
average degree k = k) + k2, combining the average Simulation Simulation
degrees of 1-path k™ and 2-path k® links, averaged a —— B(N,p+p?) b —— B(N,p+p?)
over 50 realizations of (a) Erdés--Rényi (ER) net-
works and b Random Regular (RR) networks. In
both cases, N = 1000 nodes and 1-path average
degree k" = 30. Solid lines represent the theoretical = =
binomial distribution B(N, p -+ p*) expected for an I x
ER network with N nodes and connection prob-
ability of p + p®, which accounts for both 1-path p
and 2-path p®® link probabilities.
0200 600 800 0400 600 800
k k

Fig. 5 | Average indirect influence of the uniform
weight limit. Average indirect influence ({) for (a)
Erdés-Rényi networks and (b) Random Regular
networks as a function of the expected connection
probability p for the path Laplacian truncated at
dax = 2 and d, . = D. Each point corresponds to
the average over 50 different networks with error
bars of one standard deviation, and the solid lines
correspond to the theoretical curves for the respec-
tive truncation. The vertical gray dashed line marks
the connectivity threshold p < log N/N, below
which the network is almost surely disconnected™
and therefore not considered in the analysis.

ER networks

RR networks

0=502 107 10 0= 02 107 10°
p p
Substituting the expression of p® from Eq. (12), we get: In the last step, we use the property that limy_ . (1 — [\i])N =,
Therefore, from this development it is immediate to see that p.(N) = N~ is
v=p+(1- p)(l — (1 - pZ)N_2>. (20)  a threshold function. This threshold marks a structural phase transition.

We consider this completeness v as an order parameter, with the direct
expected connection probability p acting as the control parameter. We look
for a phase transition, marked by a critical value p.(N), where the probability
of the combined network being fully connected sharply transitions from 0 to
las N — oo, ie.,

= P{v=1|N — o0} =0,
= Pyv=1|N—> oo} =1

pP<p.

pP>P.

The probability that the combined 1-path and 2-path network is a
complete network is equivalent to the probability that no pair i, jlacks both a

1-path and 2-path connection. Assuming independence between pairs for
large N:

Plv=1}=1-P(3ij|a; = a} =0}

=p+-p(1-(1-p)"7) @1
=1-(1-p)"
=1—¢?N

Below p(N), the network is sparse in terms of 2-paths, while above it, the
network rapidly becomes dense with 2-paths, causing the completeness v to
approach 1 and significantly boosting the indirect influence.

Figure 6 visually confirms this transition by plotting the completeness
against the expected connection probability rescaled by the critical
threshold.

This analysis can be generalized to consider the emergence of
d-paths for d > 2. The probability that a d-path exists between nodes
i, j given that no shorter path exists, is controlled by terms
approximating (1 — p9)" , therefore P{v = 1} o e #N*"". Since each
successive exponential term decays faster, the general threshold
function is

p.(N)=N"7. (22)
This threshold function provides the critical value of the expected con-
nection probability for the onset of this new structural phase transition
involving up to d-path indirect connections. Notably, as N increases, and
with it the network diameter D, the maximum possible d term in the path
Laplacian also grows. For sufficiently large d, this critical value can fall below
the connectivity threshold log(N)/N, causing this structural phase transi-
tion to disappear.
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Fig. 6 | Completeness of the path network. Completeness v of the path network,
accounting for 1-path and 2-path links, as a function of the expected connection
probability p, rescaled by the corresponding critical threshold p,, for increasing
numbers of nodes N.

0.02

Discussion

This work provides a quantitative framework for analyzing the impact of
indirect pathways on network diffusion. The central results, including the
indirect influence parameter ¢, its predictive phase diagram, and the critical
threshold for the onset of d-paths, p.(N), offer a practical method for
assessing the significance of non-local interactions. The theory, derived for
analytically tractable random networks, is validated by numerical simula-
tions, confirming that indirect pathways emerge as a collective structural
phenomenon rather than a gradual effect.

The theoretical approach relies on mean-field approximations that are
well-suited for random graphs. This scope invites future work on networks
with more complex topologies, such as those with high clustering or com-
munity structure, where structural correlations would likely alter the
quantitative predictions. A key implication of our framework is the potential
for empirical measurement of {. Observing the global diffusion timescale of a
process on a network with a known structure would allow for the calculation
of an empirical (. This value could then be used to test the model and
estimate system-specific parameters, such as the influence decay rate a,
bridging the gap between theory and real-world data.

The model employs a power-law decay of influence d™* a flexible
choice corresponding to a Mellin transform. While other functional forms,
like exponential decay, are possible, the qualitative features of the phase
transition are expected to be robust. This study’s findings provide a rigorous
guide for model selection in network science, with direct applications in
fields such as epidemiology and the study of social influence.

Methods
Indirect diffusion model
We model diffusion dynamics on a network represented as an unweighted,
connected graph G = (V, E), where V is the set of N nodes (indexed
i=1,...,N)and Eis the set of edges representing direct connections between
nodes. To incorporate the influence of interactions beyond direct neighbors,
we employ the d-path Laplacian framework".

This framework makes use of the d-path adjacency matrices,
A e {0, 1}™¥, that account for all shortest paths of lengthd =1, ..., D
connecting nodes in the network, where D is the diameter of the network.

They are defined as

1 if dist(i,j) = d

. ; (23)
0 otherwise

@y — g _
i, = = {
where dist(i, j) denotes the shortest path distance between nodes i and j.
Note that A" corresponds to the standard adjacency matrix A.
By extending the direct diffusion formalism', the diffusion equations
for a network with indirect connections are

dx. N N b
P A SUACEEIRRE L0 DU AR Y
= =

where x; is the state of node i, and y® > 0 is the diffusion rate along d-path
connections. It is natural to assume that the diffusion rate decays as a function
of the distance d between nodes. This choice can be conveniently tuned
depending on the problem at hand. Moreover, it is convenient to set the time
scale of the process with y® = 1. Without loss of generality, we consider an
exponential decay of the form y = d* where « is the new general control
parameter. This formulation corresponds to a Mellin transformation®.
The d-path Laplacian L@ € RN*" is defined as

-1 ifdist(i,j)=d

LDy = KD ifi=j (25)

0 otherwise

where kgd) = (1TA@), is the degree of node i in the d-path adjacency
matrix. This definition corresponds to the matrix form
L@ — g _ A(d)7 (26)

where K is the diagonal matrix of node degrees for A“. To capture dif-
fusion across paths of all lengths, we define the path Laplacian as

D
L=>Y d°1. (27)
d=1

Using the path Laplacian definition, Eq. (24) can be compactly written as

X = —Lx. (28)

Perturbation theory derivation
To derive the first-order perturbation term of the d-path Laplacian, we recall
the perturbation framework

L =M +el +o(e?)

(29)
¥, =v, +ev' + o(e?)

iv, =Av, > {

By introducing the perturbations into the eigenvalue equation, we obtain:
(L+eL@)(v, +ev) = (N, + ed)(v, + ev)). (30)

After expanding the equality and ignoring second-order terms, we get

Communications Physics| (2025)8:494
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Lastly, since the eigenvectors are orthonormal, we end up with

V =vI1®y,.

(33)

Mean-field approximation details

To derive an analytical expression for the indirect influence, we used the first
and second moments of the entries of the eigenvector v,. These moments are
obtained from the properties >~ (v,)> = 1 and 3"~ | (v,), = 0, which
correspond to the normalization of v,, and orthogonality of v, and v; = 1,
respectively. To compute the first moment, we begin by taking the expec-
tation of both sides of the first property, yielding:

N

> (vl =1

i=1

(34)

If we assume that the eigenvector entries are identically independent, we get

2 1
<(V2) i > N ( )
For the second moment, we start from
N N N
Z (v;);=0= 0= (Z (Vz)i> <Z (Vz)j)~ (36)
i=1 i=1 =1
Then, by isolating the diagonal terms, we obtain:
N N N N N
0= "> W)V => W)+ > (W,)v),
i=1 j=1 i=1 =1 j#i
NN (37)
=1+4) > W)v);
i=1 j#i

We used the first eigenvector property to evaluate the first term after splitting
the summations. Finally, after taking the expected value on both sides, we get:

1

(D)) = =

T (38)

d-path expected connection probability

We derive the general d-path expected connection probability in terms of
the expected connection probability of the base network. The existence of a
d-path connection requires two conditions: the absence of all shorter
d'-path connections for d’' <d, and the existence of at least one d-path
between the nodes. Therefore:

d d—
P =Pla} =1} =P{a; =0,....a " = 0}

(39)
P{3k,,....k; € G|aik1._,akd]. =1}.

The second term is equivalent to one minus the probability of the
absence of all possible d-path connections. Using the mean-field approx-
imation, which assumes independence between the absence of these paths,
we obtain:

P = Pla; =0, .., agjfi_l) =0}
(1= P{Vky, ...k € Glay, ...a;, ;=0})

d—1
~ Pla; =0,..,a) " =0}

(N—Z)
1—(1— Pky, ...k, € Gla, =Tt
(ky kg € Glag, = 1)

(40)

Finally, we can express the first probability term in terms of the pre-
viously derived expected connection probabilities, while the second term
simplifies to p?, since the existence of a d-path connection requires the
presence of each direct link along the path.

. (N—Z)

—1

p9 (I—Zw) - p\d
i=1

(41)

Since the p® probabilities can be recursively expressed in terms of p, each p*©
ultimately depends only on the expected connection probability of the

direct links.

Numerical simulations

Numerical results for comparison with analytical predictions were
obtained by generating ensembles of Erdés-Rényi (ER) and Random
Regular (RR) graphs using standard algorithms. For each set of para-
meters (N, p), results were typically averaged over multiple independent
network realizations, as indicated in the figure captions. The shortest
path distances required for constructing d-path matrices were computed
using the Bellman-Ford algorithm, and the eigenvalues of both the
standard Laplacian L and the path Laplacian L were calculated using the
Arpack numerical solver.

Data availability
All generated data is available at the persistent repository 10.5281/zenodo.
17395848.

Code availability
The code for replicating the results and figures is available at github.com/
llui2/indirect-diffusion and 10.5281/zenodo.17395848.
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