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Thepossibility of achievingoptimalassociativememoryby meansof multilayerneuralnetworksis explored.Threeoriginal
differentsolutionswhich guaranteemaximal basinsof attractionandstoragecapacityarefoundandtheirmain characteristics
areoutlined.

The basic problem of associativememory is to estpossiblebasinsof attraction.In thepresentLetter
storeaset ofbinarypatterns~ ,,,,, in sucha way wearegoingtoshowhowmultilayerneuralnetworks
that thenetwork,whenpresentedwith aninputpat- may be usedas multilayer associativememory op-
tern ~, retrievesthe storedonewhich is closestto it. timal networks(MAMONets).
Thedistancebetweentwo patterns~and ~ is given The underlyingidea behind our solution is the
by their mutualoverlap parallelcomputationof all the overlapsO~({), fol-

N lowedby the identificationof the largestone — say
O~(~)~ ~ + (1 —~)(1 —~)], (1) Qc~(~)— andthe reconstructionof thepattern~a it-

k= self, wherethewholeprocessis implementedthrough

which grows as~ and~ resembleeachothermore ordinaryunitsdistributedin layers.Thefirst ofthese
andmore — for mathematicalconveniencethe acti- stepshasalreadybeentakenin ref. [5]. However,
vationvaluesof the inputunitshavebeensupposed the authorsof ref. [5] assumethe existenceof ac-
to be0 and i. tivation functionscapableof finding the largestof

Fully connectedartificial neuralnetworksachieve two numbersandof picking its index, thussidestep-
this task pretty well if proper interconnection ping the harderproblem of doing so by meansof
strengthsare chosen[1—31.For instance,the Hebb “available” typesof neurons.
rule works betterif the patternsto be retainedare Firstwe havetogive somemeaningto theexpres-
uncorrelated,while the pseudo-inverserule [4] is sion“recognitionof the index”. Theeasiesta-index
preferableif thisis notthecase.Thequalityof a par- neural representationis the unitary one: S’~(~)
ticular performanceis measuredby the size of the = ,cö~,p = 1, ..., p, K> 0, whereô~is the usualKro-
basinsof attraction:thewidertheyare,thelargerthe neckersymbol.After somework, the followingthree
numberof inputs that will accessmemoriesin the different schemeshavebeenfound to be suitable
rightway. Weconsiderasoptimalthosesolutionsfor proceduresfor this index identification.
which the patternretrieved is always the nearest (1) Binary units. Consideringan intermediate
storedone, at mostwith the exceptionof thosein- layerof units
putsequidistantfrom two or moreof them.Indeed,
optimalityis equivalentto thepossessionofthe larg- o~”’(~)= O( O’~(~)—0” (i))
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wherewj~”= 2 (~ — ç~)andO’~”= ~ ~L (~j~— ~), 9 Therefore,theupdatarule for the variablethreshold
being the logistic function mustbe

9(x)~0 ifx~0, O(t+l)=O(t)— [1c(S)] . (10)

1 if x>0, (3) Whenc= 1, 0 repeatsits previousvalueand thenet-
work becomesstable.

it is easyto show that Unlike the previousscheme,this set-upallows for

/ the recognitionof all the storedpatternsat minimal
SA(~=8(\~ a~~Pa~4Y(~)_0A) (4) distancefrom the input ~, even if 0~(~)is not

unique.
(3) Quasilinear units. The so-calledMaxNet al-

doesthejob nicely if the weightsandthresholdsare gonthm was conceivedfor the purposeof picking
givenby winning units in neuron clusters for competitive

w~”°—ô~ if ~ learning [6]. We suggesthereto use it asthewayof
— . p finding thelargestnormalizedoverlap (1/N)0’~(~)•
= — ö ifp < Taking the activationto be the quasilinearfunction

QA=p_)~_~,0<e<l. (5) f(x)=0 ifx<0,

Unfortunately,the numberof units growsquadrat- = .~ if 0<~<

ically with the numberof patterns.The otherdraw-
backis its inability tocopewith inputpatternswhich = 1 if x> 1 , (11)
are equidistantfrom two or moreof the c’s. . .

we initialize the stateof a fully interconnectedlayer(2) Decreasingthresholds.If weknew in advance with
thevalueof 0’~(~),it would suffice to chooseacom-
mon threshold0_—0’~)—e,0<<l, andcompute SP(t=0)=f( ~

S~(~)_—8(0’2(~)—0) k,N

N/ N / N _1 V ~—l II (12)
~ (2~—l)~—(~ ~_N+0)). (6) 1)

\k=l \k=I

whichlateron will besynchronouslyupdatedthrough
Since this is not the case,it is possibleto use a
thresholdlargeenoughanddecreaseit by timesteps, / ~,,

until oneoftheoverlapsbe aboveit and the restbe S~(t+l)=f() w~SP(l))~ (13)
below.Taking into accountthat, accordingto defi- =

nition (1), all the overlapscanonly be integersbe- where
tween0 andN, a goodthresholdto startwith is

a~’=l ifp=u,
0(0)=N—e, 0<e<l . (7) =—e i~p�u,

At every stepthe sameinput patternwill be repro- 0<e~l/(p— 1). (14)
cessed,i.e.
~ ~+ ~ 5(t) reachesa stable configurationif the largest
~ “ ‘ ‘ “ ‘ overlap is unique, taking less than T~logNI
andanadditionalunit, say c, will takecareof check- log(l +e)+ 1 iterations.Otherwise,S(t>~T) singles
ing whetherthe endconditionis satisfiedor not.We out the indicesof all the ~‘s.
definethe stateof this control unit as Oncethe a-indexhasbeenidentifiedby meansof

a unaryrepresentationin a layerS, the “visual” re-

c(S)= ~ sn). (9) trieval of ~ is trivially achievedwith the help of a

newlayer
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Table 1
Averagefrequenciesfor thesimulationcorrespondingto theexampleN= 10,p= 5, by thefour methodsquotedin thetext. Thenumbers
ofiterationslistedwerethosenecessaryfor obtaininga largestrelativeincreasebelow iO—~.

Hebbrule Q~method AdaTron MAMONet

global retrieval 186.39 124.85 137.05 709.04
spurious 434.84 899.14 302.61 43.71 fake
unstable 402.78 0.01 584.35 271.25hesitant
numberofiterations 1002 1002 1003 333

Table 2 inversematrix andthe optimalstabilitysolution (the
Global retrievalratesobtainedby eachprocedurefor N= 10 and AdaTron algorithm [7]).
for differentvaluesof p/N. The estimatederror is 5 x 1 0_2 for
thefirst threemethodsand lessthan l0_2 for the MAMONet The resultof the comparisonis shown in tables1
figures. and2. Thefirst examplelists theaveragenumberof

fakeandhesitantstatesproducedby theMAMONet
p/N Hebbrule Q -‘ method AdaTron MAMONet method as well as the spuriousand other non-

0.2 0.35 0.36 0.35 0.82 retrieval configurationsarising from the Hebbrule
0.3 0.22 0.32 0.18 0.75 and its variants.Table2 displaysjust the different
0.4 0.25 0.20 0.17 0.71 global retrieval ratesobtainedby the four methods
0.5 0.18 0.12 0.13 0.69 and for varying numbersof storedpatterns.While
0.6 0.21 0.07 0.20 0.67 the Q—‘ and AdaTron methodsyield ratesof the

0.8 0.18 0.03 0.19 0.63 same order as the standardHebb rule, the MA-
0.9 0.18 0.02 0.17 0.62 MONet figuresare definitely higherin all casesas
1 0.19 0.02 0.18 0.61 expected.

Summingup, we haveprovided three different
MAMONet solutionsto the problemof associative
memory,all of them sharingunlimited storageca-

= ~ ~S’~(~) “II. (15) pacity, perfect recall and the removalof spurious
I minimaandunstablestates.Their retrievalpoweris

optimalin the sensethat the network’sansweris se-
However, if there are more than one maximally lectedby themaximaloverlapcriterion.Theoriginal
overlapingpatterns,thenetworkcanpick severalin- contributionof thesesolutions has beenthe reali-
dices. Theseconfigurationscorrespondto statesof zationof suchdesignswithout introducingtypesof
the sort units different from those currently used in most

neuralnetwork architectures.a,
S=(0,...,0,4,0,...,0,4,0,...,0), (16)

Thiswork hasbeenpartly supportedby the Di-
where4 is somepositiveconstant.In this casethe rección Generalde InvestigaciOnCientIfica y Téc-
outcome reproduces the OR-sum of patterns nica (DGICYT) projectno.PB9O-0022.SGandAR

r’~...,~‘, which maycoincidewithoneof thestored thank the SpanishMinistry of Educationand Sci-
c’s. Such patternswould thenbefakelyretrieved. encefor FPI andFPIEfellowships.
otherwise, the result becomes a hesitant con-
figuration.
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