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ABSTRACT

Many complex systems cannot be understood from network structure alone, nor from continuum descriptions in isolation, because
their dynamics emerge from the reciprocal coupling between discrete interaction architectures and spatially extended physical
fields. This perspective article surveys mathematical and computational frameworks for such network-field systems, focusing on
models in which a graph is either itself the spatial substrate of a field or is embedded in a surrounding medium that mediates
transport, signaling, forcing, or spatially distributed hazards. We first introduce a unified formalism for bidirectionally coupled
network-field dynamics, emphasizing observation and injection operators that link node variables to continuum processes while
preserving balance laws. We then examine two major modeling classes: fields evolving directly on metric graphs, where partial
differential equations are posed on network geometries with vertex matching conditions; and hybrid discrete-continuous systems,
where node dynamics are coupled to fields in the ambient domain, with particular attention to port-Hamiltonian formulations
that provide energy-consistent interconnection principles. Within this common framework, we discuss representative modeling
applications in neurobiology, including diffusion-mediated cellular communication and extracellular neural signaling, and in
infrastructure systems, where network functionality depends on spatially distributed flows, loads, and hazards. Across these
examples, a common picture emerges: the field is not merely an external environment, but an active dynamical layer that reshapes
effective interactions, timescales, and collective behavior. By synthesizing concepts that are often developed separately across
disciplines, this perspective article aims to clarify the mathematical structure, physical interpretation, and numerical challenges
of coupled network-field models, and to highlight their role as a unifying language for spatially embedded complex systems.

| Introduction

Spatial embedding becomes dynamically relevant whenever the
medium carries signals, fluxes, forces, or hazards on timescales
comparable to those of the discrete units. In such cases, the
embedding domain is not only a geometric constraint on the
network: it supplies additional dynamical degrees of freedom that
can mediate interactions, impose constraints, and modify collec-

tive response. As a result, system-level behavior emerges from
the interplay between dynamics on the network and processes
unfolding in the surrounding medium [1-4].

This situation arises in a wide range of contexts. In neurobi-
ology, neuronal and glial interactions are shaped not only by
synaptic connectivity but also by extracellular ionic concentra-
tions, electric fields, and diffusing neuromodulators [5-8]. In

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,

provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2026 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

Annalen der Physik, 2026; 538:270288
https://doi.org/10.1002/andp.70288

10of13


http://www.ann-phys.org
https://doi.org/10.1002/andp.70288
https://orcid.org/0000-0002-2591-0399
mailto:alexandre.arenas@urv.cat
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1002/andp.70288
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fandp.70288&domain=pdf&date_stamp=2026-09-11

engineered infrastructures, the functionality of transportation,
power, or water-distribution networks depends on spatially
distributed loads, flows, and hazards that cannot be repre-
sented as purely topological perturbations [9-11]. Across these
examples, the network both constrains and responds to spa-
tial processes, giving rise to genuinely coupled network—field
dynamics.

Traditional modeling approaches often privilege one of these
two levels of description. Purely graph-based models are well
suited to characterize connectivity, heterogeneity, modularity,
and interdependence, but they generally neglect the spatially
extended mechanisms through which interactions are mediated,
modulated, or transported. Conversely, continuum descriptions
capture diffusion, flow, wave propagation, or field-mediated
communication, yet they often coarse-grain away the discrete
architecture through which localized exchange, routing, or coor-
dination occur. For many systems of current interest, neither
description is sufficient in isolation.

These limitations have motivated the development of some math-
ematical and computational frameworks that explicitly couple
discrete networks to continuous spatial dynamics. Depending on
the application and scale of interest, such frameworks take the
form of partial differential equations posed on metric graphs,
node-field PDE-ODE systems [12], or multiscale schemes that
exchange mass, fluxes, or forcing between discrete and con-
tinuum representations [13]. Although these approaches have
emerged in different disciplines and under different terminolo-
gies, they address a common problem: how to represent, analyze,
and simulate systems in which network structure and spatial
fields are dynamically interdependent.

Here we survey the main formalisms for such network-field
coupling in physical space. A useful distinction must be made at
the outset between two broad classes of network-field models. In
the first class, the network itself constitutes the spatial support
of the field: the relevant dynamics are posed directly on a metric
graph, with edgewise partial differential equations and vertex
matching conditions determining transport, diffusion, or wave
propagation. In the second class, the network is embedded in
an ambient continuum, so that discrete node variables interact
with one or more fields defined on a surrounding domain
through observation, forcing, exchange, or boundary operators.
Both classes fit naturally within a common network-field per-
spective, in the sense that system-level behavior emerges from the
reciprocal interplay between discrete interaction structure and
spatially extended processes. However, they differ fundamentally
in the geometry of the field support, in the role played by node
variables, and in the mathematical issues that govern analysis and
simulation. In what follows, we use this distinction to organize
the perspective article and to clarify which aspects of the proposed
notation are genuinely shared across modeling frameworks and
which are specific to a given class of systems. We close the
introduction by making explicit the three contributions of this
Perspective. First, we distinguish two mathematically different
but conceptually related classes of network-field systems: fields
evolving directly on metric graphs and discrete networks embed-
ded in ambient continua. Second, we introduce an operator-level
notation based on observation and injection maps, which makes
explicit how node variables and spatial fields are coupled. Third,

we emphasize physical consistency as a criterion for constructing
meaningful coupled models, with particular attention to balance
laws, passivity, and energy- or mass-preserving interconnection
principles. Taken together, these elements provide a structural
language for comparing network-field systems across domains,
without reducing them to either purely graph-based dynamics or
purely continuum descriptions.

2 | Mathematical Notation

This section introduces a unified mathematical framework for
network-field coupling. Rather than serving only as notation, it
provides a general operator-based formulation that captures the
essential structure of bidirectionally coupled discrete—continuous
systems. In this way, it both enables systematic comparison across
previously disconnected approaches and supplies a common
formal backbone for the diverse application-specific models dis-
cussed below. We consider systems in which a discrete interaction
structure (a graph) is embedded in a continuous domain and
coupled to one or more fields evolving over that domain. Let
G = (V,E) be a graph with |[V| = N nodes, adjacency matrix A =
(4;;), node states x;(¢), and node positionsr; € Q C Re. Letu(r,t)
denote a continuum field (scalar or vector) defined on Q. Hybrid
discrete-continuous models specify (i) dynamics on the graph
and (ii) field dynamics on Q (with appropriate initial/boundary
conditions), together with coupling operators that map field
information to nodes, M;[u](t) (e.g., point evaluation u(r;,t),
local averages, or gradients), and node/edge activity back to
the field (e.g., via source/sink or boundary terms). A generic
bidirectionally coupled network—field model can be written as

N
X = Fioq) + ) Ay Gy(xi, X)) + oM [ul(®), ), ()

j=1

Tu(r,t) = Lu(r,t) +¥(r, u; {r, x,}Y, ), )
where we have introduced the general linear temporal operator
T = ay(x, )3 + a,(x, )9, + ay(x, t). 3)

Moreover, £ is a differential operator on Q and ¥ encodes
how discrete degrees of freedom act on the field (e.g., localized
forcing or boundary constraints), while ®; articulates how the
medium affects the states of the nodes. The admissibility of
the observation operators M; depends on the regularity class in
which the field u is posed. In particular, point evaluation at r;
requires sufficient regularity for u(r;, t) to be well defined, while
singular node-to-field couplings may require weak formulations
or regularization. Thus, the operators M,; and ¥ should be
understood as model-dependent interconnection maps whose
analytical status must be checked in the relevant functional
setting.

The notation in Equation (2) also allows for the possibility
that the field and node dynamics evolve on markedly different
temporal scales. In many applications, the continuum relaxes
much faster than the discrete variables, or conversely acts as
a slow background that modulates comparatively rapid node
dynamics. Such scale separation can justify reduced descriptions
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in which the field is eliminated in favor of an effective interaction % ks g
kernel or memory term acting on the network variables. However, = E P S g i
this reduction is not generic: it requires identifiable asymptotic § 2 o .S § ) _“é:’ :‘E’ %D " Eh -
regimes, such as fast diffusion, rapid local equilibration, or other g ) 2 % S8 2898 =B g % 3 S
singular-perturbation limits, together with assumptions ensuring s % 21 g8 8 § g ; = = B ‘—;
that the reduced coupling remains well defined. In the absence of ‘5 _S & Vi s g g § % g 'E E
such conditions, the full coupled node-field dynamics must be E) 3 M *;:"j § = S %‘ % %D = § @
retained, and the effective interaction structure cannot in general E) ;‘) > & *g = s g
be inferred from topology alone. :é %E: ha
s -
Equations (1)-(2) are introduced here as a common formal % ;';z o o )
template for coupled network-field dynamics, not as a claim that 5 % B‘_.‘ 2 é ’{é ;'_ E = % ?g ?‘, %ﬂ
every such system can be treated within a single abstract setting % g % g ~ % = § % ; % = g S
without further qualification. A concrete model is obtained only & é = e %’ g i g S E g £ s E
after specifying the state spaces of x; and u, the domain and 2 a i % £ § ﬁ" =_ _§ £ 5 E }3 g
regularity of the differential operator £, and the admissible 8 -% 3 2 g © G«TN T R § 3 gg
observation and injection maps that realize the coupling between g = ©lo° El»t mee ms =
discrete and continuous degrees of freedom. Depending on the E §
application, these maps may involve point evaluation, local e 2 o ®
averaging, fluxes, boundary traces, or singular source terms, and E 8 2 & &D
the analytical status of the resulting system depends critically o g g i ;; g 5
on these choices. The notation therefore serves primarily as a g« = S e | @ tgm = 9 g
structural language for comparison across model classes, while S 8 g 3| 8 f:g t‘f % 2
existence, uniqueness, regularity, and physical interpretation % 2 _% g § g < b T§
remain specific to the chosen realization. § g o &|E g =
2t : 5
For classes of models in which the coupling represents exchange < E - .
of a conserved extensive quantity, the node and field terms should :A é °
satisfy an appropriate global balance law, up to boundary fluxes, § = » :g
distributed sources, and external forcing. A schematic example is 2 8 | g ~ £ =
obtained when x; denotes a nodal amount of some stored quantity % t % _§ %’ = E 38 §
and w; > 0 is the corresponding conversion factor, so that LE é’n % | == 2 g .@ =
g 212§ P 2§ 8
N 8 = 2 2 > 2 =
d 3 3 3
a ; w;X; +/Qu(r, t)dr ) = boundary fluxes % g 8
- — O
+ distributed sources/sinks é § !
. E2 CHE
+ external forcing. S g . 2| o - i <
o Eei| e & : B3
This expression is intended only as a structural prototype. Its U i s < = E e
precise physical meaning depends on the dimensions assigned to % &4 E 3
X;, u, and w;, and on whether the quantity being exchanged is g é g &
mass, charge, probability, energy, or another conserved observ- L2 &g
able. In particular, balance laws for stored quantity should be % E § = g o0
distinguished from energy balances, which generally involve =R —~ 3 3 £
different constitutive definitions and, in dissipative systems, f ) g £ = & g % -
additional loss terms. The main point is therefore not that all 2 ‘g 2 S| g § § g é
coupled network-field systems obey a single universal conser- £ § § E‘ -2 =] = i; S
vation formula, but that in physically consistent realizations the g »E & g - =
coupling operators must be chosen so that the relevant balance s “% = g g &
structure is respected. E 8§
5 ?vs Eb 2
The purely networked setting is recovered from Equations (1)- % g £ " = g
(2) by setting ®;, =0 and removing the field equation; con- 85 S 2 — 5 3
versely, common hybrid models correspond to specific choices §* § 2 A 'q-; 2 %
of (L, M;,®;,¥). For later reference, Table 1 summarizes how _ 8 E :”:cl{ g E‘ §
the main model classes discussed in this perspective article - é c; % &b .g % §
instantiate the generic operators of Equations (1)-(2), together m &8 g2 = § g 2
with the principal timescale assumptions and analytical issues =l 5:3 & g i % & “E
associated with each setting. ﬁ § R = © == o
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Note that in the present formulation, the network architecture is
assumed to be fixed: the adjacency matrix is treated as quenched
and does not adapt to the state of the surrounding medium.
Likewise, the parameters entering the local and interaction
terms are taken to be time-independent unless stated otherwise.
This restriction excludes adaptive or coevolving network-field
systems, in which the interaction architecture or the dynamical
parameters may themselves evolve in response to the field. We
adopt this assumption to isolate the consequences of discrete—
continuous coupling at fixed architecture, while noting that both
topology and dynamical parameters are known to play distinct
and often intertwined roles in shaping collective behavior on
networks [14].

3 | Fields on Networks: Dynamics on Metric
Graphs

In some systems, the physically relevant space is not the sur-
rounding bulk medium but the network geometry itself. In
this case, transport, diffusion, or wave propagation occur in
a branched one-dimensional domain, and the network acts
simultaneously as the interaction architecture and spatial support
for the field. In the metric-graph setting, one should distinguish
between models in which the dynamics are carried entirely by
edgewise fields and models in which additional vertex degrees
of freedom are introduced explicitly. The examples emphasized
in this section belong mainly to the first category: the network
serves as the geometric support of the continuum, and the
vertices enter through continuity, flux balance, or other matching
conditions rather than through independent state variables. More
general graph-supported models may augment this structure
with dynamical variables at the vertices, dynamic boundary
conditions, or storage and dissipation mechanisms localized at
junctions. Our purpose here is not to survey that full generality,
but to isolate the canonical case in which the field evolves directly
on the network geometry itself.

For models posed directly on network geometries, the spatial
support of the field is not a bulk domain Q C R¢ but a metric
graph I = (V, E), where each edge e € E is identified with an
interval [0, €, ]. The field is then written as u = {u,(s, )},cp, With s
the edge-wise coordinate, and evolves according to an operator L
acting on each edge together with matching conditions at vertices.
A prototypical class of PDEs on metric graphs arises when signals,
vibrations, or waves propagate along the edges of a networked
structure, such as transmission lines, elastic strings, or branched
waveguides. A minimal model is then the wave equation
d%u, = c2du,, s€(0,¢,),

where c, denotes the propagation speed on edge e. This represents
a partial differential equation for each edge, supplemented by
continuity of u and Kirchhoff flux conservation at each vertex
(i.e., X, 8,u,(v) =0 if all ¢, are equal). In this class of models,
the network acts simultaneously as interaction architecture and
spatial domain.

Vertex conditions are not a mere technicality: they determine
the domain of the differential operator on the metric graph, and
hence its spectrum, self-adjointness, and the physical behavior at

junctions. Continuity together with Kirchhoff flux balance (the
standard Neumann-Kirchhoff conditions) guarantees conserva-
tion of mass or energy at vertices, but other choices—Dirichlet,
d-type, or Robin conditions—arise in applications involving
clamped junctions, localized potentials, or reactive boundaries.
Each choice alters wave scattering and transport properties,
and can fundamentally affect phenomena such as eigenmode
localization or synchronization thresholds.

A canonical example of a field posed directly on a network geome-
try is provided by the metric-graph framework developed by Brio,
Caputo, and Kravitz [15]. In their work, they develop and compare
three numerical routes for linear PDEs on metric graphs with
continuity and Kirchhoff vertex conditions: a spectral method
based on the generalized graph Laplacian, a second-order finite-
difference scheme, and a discontinuous Galerkin formulation.
Their main conclusion is that the spectral approach is the natural
tool for linear problems on metric graphs: once the eigenvectors
and eigenvalues of the generalized Laplacian are computed,
Helmholtz, Poisson, and wave-type equations reduce to mode-
by-mode evolution, exactly as in classical Fourier analysis on an
interval. Their work establishes the generalized Laplacian as the
central computational object for PDEs posed directly on network
geometries and shows that spectral decompositions provide the
cleanest framework for linear dynamics, although extensions
to non-Kirchhoff or non-self-adjoint settings are substantially
more delicate.

Note that in this context, the generalized graph Laplacian is the
metric-graph Laplacian: it acts as the one-dimensional second-
derivative operator on each edge, while its domain is defined by
continuity and Kirchhoff flux-balance conditions at the vertices.
It is therefore a differential operator on the graph geometry, not
the combinatorial Laplacian matrix of an abstract graph.

The above spectral decomposition in which the generalized graph
Laplacian is diagonalized to reduce linear PDEs on metric graphs
to mode-by-mode evolution, provides the natural setting for
studying wave localization. Building on this framework, Kravitz,
Brio and Caputo [16] further showed that exactly localized eigen-
modes are non-generic and arise only under precise resonance
conditions relating edge lengths within specific subgraphs such
as triangles, quadrilaterals, and pumpkin configurations. They
also demonstrated that these localized modes can dominate
the asymptotic response of the wave equation and proposed
intrinsic energy-density based criteria to quantify localization
independently of edge lengths; see Figure 1. From an applied
viewpoint, localized resonant modes imply that wave energy may
accumulate on a small subset of edges instead of being distributed
across the whole network. For example, in electrical grids they
found that even approximately localized eigenmodes can produce
damaging loads on equipment, suggesting that reinforcement
should focus on the regions where these modes attain their
largest amplitudes.

This sequence of contributions culminates in the broader syn-
thesis of Bottcher and Porter [17] offering a methodological and
conceptual framework for PDEs on metric networks, framing
them as a natural extension of conventional network dynamics
when edgewise spatial structure cannot be neglected. In their
formulation, each edge carries a real interval, so that the network
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FIGURE 1 | Buffon’s needle graph with 104 vertices and 165 arcs,
embedded in the planar domain [0, 200] x [0, 200]. The panels show the
approximately localized eigenvectors Vy forq =5, 8,13, 18, 20, and 21. For
each arc j, the quantity e,(j), that measures the normalized L? energy of
the gth eigenvector on edge j, is represented by the following color code:
gray for eg(j) < 0.06, pink for 0.06 < e,4(j) < 0.12, cyan for 0.12 < e, (j) <
0.2, and blue for e4(j) > 0.2. Reproduced with permission. [Ref. [16],
Copyright 2023, Elsevier|.

becomes a one-dimensional geometric domain on which one
can define differential operators and study spatially extended
processes such as Schrodinger, Poisson, heat, and wave equations.
In the metric-network setting of Bottcher and Porter [17], the
generic network-field formulation Equations (1) and (2) reduces
to fields on graphs in which no independent node states are
introduced. The bulk field u(r,t) is replaced by an edgewise
field u = {u.(s, t)},cr defined on the metric graph T, with u, :
[0,¢,] xR, — R, and the continuum operator L is replaced by
a differential operator L (generalized Laplacian) acting on each
edge together with continuity and boundary conditions at the
vertices. In this specialization, there are no independent node
variables, and the dynamics are carried entirely by the edgewise
field u on the metric graph

ou=Lru,
or, for second-order problems such as wave propagation,
2, —
Oju = Lru.

Elliptic problems such as the Poisson equation L;¢ = p also
arise naturally in this setting, alongside parabolic and hyperbolic
equations. A particularly useful contribution of the paper is
the explicit treatment of degenerate eigenmodes, which are
linked to network symmetries and must be handled carefully in
spectral computations. The authors combine spectral methods,
finite-difference solvers, Weyl-law estimates, and group-theoretic
arguments to show how one can reliably identify characteristic
wavenumbers and their multiplicities for canonical linear PDEs
on metric networks. Their numerical examples also illustrate
that this framework extends beyond analytically tractable few-
edge configurations: for example, Figure 2, reproduced from their
Poisson problem on a metric hexagonal lattice, shows an edgewise

field defined on a network with N = 154 nodes and M = 213
edges, together with finite-difference and spectral solutions that
closely match the exact profile. In this way, their work comple-
ments the earlier contributions of Brio, Caputo, and Kravitz by
embedding numerical spectral methods, localized eigenvectors,
and related linear PDE models within a broader framework
for dynamics on metric networks, while also demonstrating
applicability to substantially larger graphs.

Taken together, these three recent contributions delineate a
coherent progression: from numerical spectral formulations for
PDEs on metric graphs, to localization phenomena in wave
dynamics, and finally to a broader methodological framework for
metric-network PDEs.

4 | Networks Embedded in Fields: Discrete
Structures Coupled to Continua

We now turn to systems in which a discrete interaction network is
embedded in, and dynamically coupled to, a continuous field. In
contrast to the metric-graph setting of Section 3, where transport
is confined to the network itself, here the nodes occupy positions
in a surrounding medium Q C R¢ and interact both through their
direct network architecture and through a shared continuum.
The field is therefore not just an external environment: it acts
as an additional interaction channel that can mediate transport,
feedback, and effective long-range couplings between nodes. This
class of systems is captured by the general form introduced in
Equations (1) and (2).

From a physical perspective, many mixed ODE (network)-PDE
(field) systems consist of two complementary subsystems: local-
ized components that store or process energy in a finite number
of degrees of freedom, and an extended medium that transports
or redistributes that energy in space. Examples include lumped
electromechanical devices coupled to transmission or wave-
propagation media, mechanical subsystems attached to elastic
structures, and finite-dimensional controllers interconnected
with reaction—diffusion, flow, or other distributed-parameter sys-
tems [18,19]. In such situations, the central modeling requirement
is not only to write evolution equations for each subsystem
separately, but also to describe their interconnection in a way that
respects the balance of exchanged power: energy may be trans-
ferred between discrete and distributed components, dissipated
internally, or injected through boundaries and external ports, but
it should not appear or disappear spuriously. From the viewpoint
of complex systems, such hybrid models are particularly relevant
because the continuum can reshape the effective interaction
kernel of the network, thereby altering synchronization, pattern
formation, spreading dynamics, and collective response.

This observation motivates the use of the port-Hamiltonian (pH)
framework, which provides a systematic language to represent
storage, dissipation, and interconnection on equal footing, while
keeping explicit how local node dynamics and field-mediated
interactions combine into a single hybrid system. Originally
developed for finite—~dimensional systems [20] and later extended
to infinite-dimensional systems [21], the pH approach describes
coupled physical systems through energy functions and geo-
metric interconnections that preserve power balance. For mixed
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== finite difference **+ spectral

FIGURE 2 | Poisson equation on a finite metric graph with hexagonal-lattice geometry. Each edge is treated as a one-dimensional interval endowed

with Kirchhoff vertex conditions. The network consists of N = 154 nodes and M = 213 edges. The source term is prescribed edgewise, and the resulting

solution is shown together with numerical approximations obtained using finite-difference and spectral methods. This example illustrates how PDE

dynamics on metric networks extend naturally beyond small star-like graphs to larger geometries while retaining an edge-resolved field description.

Reproduced with permission. [Ref. [17], Copyright 2025, SIAM].

ODE-PDE systems, it offers a rigorous realization of the global
conservation principle noted informally in Section 2, and could
be mapped to the coupling operators @; and ¥ in Equations (1)
and (2). In the next section we will scrutinize its formulation.

4.1 | Port-Hamiltonian Formulation of the
Component Subsystems

A useful way to organize bidirectional couplings between
networked discrete units and continuous fields is the port-
Hamiltonian framework; see ref. [22] for an excellent introduc-
tion to the topic. Here, a port denotes an interface through
which a subsystem exchanges energy with its environment. It
is characterized by a pair of conjugate variables—such as force
and velocity, or voltage and current—whose product equals the
instantaneous power flowing through the interface. The central
physical idea is that energy serves as a common language across
physical domains: discrete and distributed subsystems may be
mechanical, electrical, hydraulic, or thermal, yet their interaction
can still be described in terms of storage, dissipation, and power
exchange. In this perspective, the essential modeling step is
not only to specify each subsystem’s dynamics separately, but
also to define an interconnection law that accounts consistently
for power flow between them. This makes the framework
especially attractive for mixed ODE-PDE systems, where local-
ized components and spatially extended media coexist, and
exchange energy through interfaces. A further advantage is
compositionality: power-preserving interconnections of subsys-
tems yield a new system of the same type, allowing complex
network-field models to be assembled from simpler building
blocks. In network terms, this compositionality is important
because it separates three ingredients that are often conflated: the
intrinsic node dynamics, the direct node-node interconnection
structure, and the indirect coupling mediated by the ambient
field.

In the pH framework, the node dynamics are associated with
a finite-dimensional Hamiltonian H4.(x) representing the total
energy stored in the discrete components. The evolution takes the

form
X = (](x) - R(x))VHode(x) + B(x)uode’ Yode = B(X)TVHode(x),
(€]

here x stacks the states of the discrete network components,
such as node voltages, currents, positions, or momenta. The
skew-symmetric matrix J(x) = —J(x)" encodes the conservative
internal interconnection structure of the discrete subsystem; in
networked settings, its sparsity pattern or block structure may
reflect the underlying adjacency, incidence, or coupling topology.
The matrix R(x) = R(x)" > 0 represents internal dissipation,
such as damping, resistance, or other irreversible losses. The
matrix B(x) specifies how external actuation or field-mediated
signals enter the node dynamics through the ports, while the
output

Yode = B(X)T VHode(x)

is the conjugate port variable through which the discrete sub-
system returns power to its environment. The instantaneous
power supplied through the port is ugdeyode. Thus, direct graph-
based interactions may already be encoded through J, R, or H,q,
while the continuum contributes an additional spatially mediated
interaction channel.

For the continuum field, we consider a distributed-parameter
port-Hamiltonian system defined on a spatial domain Q with
boundary 0Q. Let z(r, t) be the state variables (e.g., displacement,
momentum, or field intensity) and H(z) the Hamiltonian func-
tional representing the energy stored in the field. Following [21],
the dynamics are expressed as

a oH
5 = (P-R@)F, +Cupee

OH
ot ypde = Q*E + Dupde’ (5)

where P is a formally skew-symmetric differential operator that
generates the conservative transport or propagation part of the
field dynamics, R(z) is a positive semidefinite dissipation opera-
tor describing distributed losses or damping, and G specifies how
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external inputs or interconnection signals act on the continuum
subsystem. The adjoint operator G* extracts the corresponding
output variable conjugate to that input, while D is a feed-through
term accounting for any direct input-output contribution. In
infinite-dimensional settings, however, formal skew-symmetry
alone does not determine a valid evolution problem: one must
also specify a suitable operator domain, state space, and boundary
conditions so that the corresponding realization has the required
semigroup and energy properties.

It is worth noticing that once coupled to the nodes, the
field generates an additional, geometry-dependent interaction
channel whose effects are generally nonlocal in space and
non-instantaneous in time.

The boundary port variables (#,qc, Ypqe) are constructed so that
the energy balance satisfies

T
d [ 5H 5H
EH = '/BQ updeypde das — /!; (E) R(Z)E dr, (6)

The first term represents the power exchanged with the envi-
ronment through the boundary ports, while the second term
accounts for internal dissipation within the distributed subsys-
tem. Hence, in the absence of dissipation, any variation of the field
energy is entirely due to power flowing across the boundary. This
structure ensures that all energy exchange with the environment
occurs through the boundary ports: in the absence of dissipation,
any change in the field’s internal energy equals the power flowing
through the boundary.

Equations (4) and (5) provide a complete description of the
isolated discrete and distributed subsystems. To obtain a coupled
network-field model of the form shown in Equations (1)-(2),
these subsystems must be interconnected in a manner that pre-
serves overall power balance. The port-Hamiltonian formulation
may be viewed as a concrete realization of the generic network-
field structure introduced in Section 2. In this correspondence,
the finite-dimensional state x represents the discrete node vari-
ables and the distributed state z represents the continuum field,
possibly after rewriting the field dynamics in first-order form.
The observation operators M, are realized by local port maps
that extract traces, fluxes, or other field observables at coupling
sites, whereas the node-to-field action ¥ is realized through
the distributed input operators acting on the field subsystem.
The field-mediated term ®; in the node dynamics then arises
from the interconnection law itself rather than being postulated
independently. This makes explicit that the port-Hamiltonian
framework is a structured way of specifying the abstract operators
of Equations (1)—(2).

4.2 | Coupling Network and Field Through Ports

In addition to the boundary ports (upge, Ypee) Of the distributed
parameter system in Equation (5), we consider N node-associated
coupling ports at positions r; € Q, one for each node i of the
network. These sites anchor the discrete interaction network to
the continuum and define where the field is sampled and where
node-dependent forcing is injected back into the medium. Each
such port is characterized by a pair of conjugate variables (u;, y;):

the output y; is obtained by evaluating a relevant field observable
at r; (e.g., displacement, velocity, or flux), while the input u;
represents a localized action applied to the field at that same point
(e.g., a point force or source). These interior ports provide the
interface through which discrete nodes exchange energy with the
surrounding continuum. The power-preserving interconnection
between discrete and distributed subsystems is then defined by
the condition that the total power flow through all interconnected
ports vanishes:

N
u;—deyode + Z uiTyi =0. @)

i=1

For the canonical case where each node couples exclusively to
its own field port in a power-conserving manner, this relation
reduces componentwise to

uodc,i =Y yodc,i = —Uu;, i= 17-'~’N~ (8)
Under this interconnection, the continuum acts as a mediator
between nodes: perturbations generated by one node propagate
through the field and can influence other nodes according to
the Green function, propagator, or transfer properties of the
distributed subsystem. In this sense, the embedded network

acquires an effective interaction layer induced by the field, which
may differ substantially from the direct graph topology.

To make these localized ports explicit, we introduce two families
of operators. Let M, denote the observation map that extracts the
relevant field observable at r; from the distributed state x4, (or
from derived quantities such as §H /&x,q.), so that

Vi :=Mi[xpde]’ l=1,;N

Let W denote the corresponding injection map that converts the
localized reaction u; into a source term acting on the field dynam-
ics. Together, (M;, N;) define the local node-field interface at site
i: M; maps field states to node-relevant signals, while N; maps
node reactions back to localized forcing of the continuum.

Defining the stacked observation vector

Ml [xpde] U
M[xpde] = 3
MN [xpde] Uy

the interconnection can be written compactly as

(uode> =3 (M[xpde]> , (9)
Yode u

where X is a constant skew-symmetric matrix whose block struc-
ture specifies how discrete and field ports are interconnected. For

the canonical one-to-one interconnection of Equation (8), X takes
the block-diagonal form

0 Iy
Z_(—IN 0>’

with Iy the N X N identity matrix.
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After interconnection, the discrete port inputs provide an explicit
realization of the coupling term ®;, while the reaction of the
discrete subsystem enters the field dynamics through localized
source terms, interface contributions, or dynamic boundary
conditions represented abstractly by W.

Thus, the pH formalism provides a constructive recipe for
the coupling terms that guarantees energy consistency while
making explicit how node dynamics, network structure, and
field-mediated interactions are combined.

4.3 | Mathematical and Numerical Implications

A major strength of the port-Hamiltonian framework is that
it does not merely suggest a physically meaningful coupling;
it also clarifies when such a coupling is mathematically well
defined and how it should be approximated numerically. The
choice of observation operator M; determines the regularity
required of the field u. Point evaluation u(r;, t) is well defined if
u belongs to a space of continuous functions, but for parabolic
equations in dimensions d > 2, solutions with point sources
typically lack pointwise continuity [23]. This creates a tension:
the field equation may contain delta-function sources §(r —r;,),
yet the node dynamics require evaluating the field at exactly those
source locations. In such cases, the coupled system as written may
be ill-posed without additional regularization. Common remedies
include replacing delta sources with smooth approximations (e.g.,
Gaussian bumps of finite width), reformulating the coupling
through boundary conditions on small excluded volumes, or
working in weak formulations where the field is interpreted
in a distributional sense. The admissibility of M; and ¥ must
therefore be assessed together: not every formally appealing cou-
pling yields a well-posed evolution. This issue becomes especially
important when moving from formal PDE expressions to well-
posed evolution problems in Hilbert spaces [21]. In practice,
the pH framework helps identify which interconnections are
admissible and which require regularization or a reformula-
tion through boundary variables rather than interior point
coupling.

A second important consequence concerns stability and con-
trol. Because the interconnection is written directly at the
level of power variables, the framework makes it possible to
distinguish clearly between conservative exchange, internal dis-
sipation, and external actuation. This is particularly relevant
in mixed ODE-PDE settings, where stability depends strongly
on the interconnection structure and the chosen feedback law;
in coupled fluid-structure port-Hamiltonian models, damping-
injection mechanisms are often introduced to obtain the desired
closed-loop dissipation properties [24].

Finally, these structural considerations naturally extend to
numerical simulation. A naive discretization may destroy the
power balance of the continuous model and thereby introduce
spurious growth or artificial damping. By contrast, structure-
preserving discretizations aim to retain the same energy book-
keeping at the discrete level, so that the finite-dimensional
approximation remains passive or dissipative in the same sense as
the original system [25, 26]. For the class of problems considered
here, this is not merely a numerical convenience but an essential

requirement if one wants the discrete model to remain faithful to
the physics of the coupled network-field system. For this reason,
the numerical treatment of hybrid network-field systems is not
simply a matter of discretizing two subsystems separately, but
of approximating their interconnection in a way that preserves
the relevant balance, passivity, or dissipation properties of the
continuous model.

5 | Coupled Network-Field Modeling
Applications

Sections 3 and 4 introduced the coupled network-field formal-
ism at a generic level, emphasizing its common mathematical
structure and the analytical and computational issues it raises.
The purpose of the present section is different. Rather than
extending the general theory, we show how that abstract struc-
ture is instantiated in specific application domains, where the
variables, coupling laws, and relevant approximations become
system-dependent. In each case, the central question is the same:
how can the discrete network dynamics and the evolution of a
surrounding continuous medium be written in the form of Equa-
tions (1)~(2), and what new phenomena arise from their mutual
feedback?

The examples below are therefore not meant to be exhaustive,
nor to suggest that all application domains admit the same level
of abstraction or analysis. Instead, they serve as representative
realizations of the framework, illustrating how a common math-
ematical backbone accommodates biologically, physically, and
technologically distinct systems.

5.1 | Neurobiological Examples of
Diffusion-Mediated Coupling

A particularly transparent realization of the coupled network-
field framework arises in neurobiology, where discrete cellular
units communicate through signaling substances that move
through the surrounding medium. In such systems, the nodes
are individual cells with their own internal dynamics, while the
continuous field represents the concentration of a mediating
chemical that is released, transported, and removed in space. The
key point is that the field is not an externally imposed drive:
it is produced by the cells themselves and, in turn, feeds back
onto them. Coupling therefore emerges through the dynamics of
the medium.

This mechanism is especially natural in circadian synchroniza-
tion within the suprachiasmatic nucleus (SCN), where individual
clock cells exchange signals through diffusible neurochemical
cues. At the coarse-grained level, each cell acts both as a
dynamical unit and as a source of the shared field. A cell in
a given biochemical state secretes signaling molecules into the
extracellular medium; those molecules diffuse and degrade; and
the resulting local concentration modifies the dynamics of nearby
cells. Communication is therefore mediated not by a prescribed
pairwise adjacency matrix alone, but by the joint evolution of
oscillators and field. The range and strength of the effective
interaction are then determined by physical transport properties
of the medium, such as diffusivity and degradation rate.
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In the notation of Section 2, the SCN model provides a particularly
transparent realization of the generic coupled network-field
structure. The state x;(¢t) of node i represents the phase or
internal biochemical configuration of the ith clock cell, while the
field u(r, t) denotes the concentration of the diffusing signaling
molecule. The field acts back on the cells through a term
®;(u(r;, t), x;), which describes how the local signal sensed at the
cell position r; modulates its internal dynamics. Conversely, the
cells drive the field through source terms ¥;(x;) that encode state-
dependent secretion. Diffusion and degradation then determine
how that signal spreads across space and how long it persists. In
this setting, collective synchronization is an emergent property of
the full node-field system.

A concrete example is provided by the SCN model of Silva
et al. [27], in which the generic network-field Equations (1)-(2)
acquire a direct biological interpretation. Each node variable is
the two-dimensional state of the ith circadian clock cell,

50 =x0=(J0).

whose intrinsic dynamics is governed by the Kronauer oscilla-
tor [28]; thus F;(X;) represents the uncoupled circadian dynamics
of cell i. The continuous field is

u(r,t) = A(r, t),

where A(r,t) denotes the concentration of a neurotransmitter-
like chemical diffusing through the intercellular medium. The
feedback from the field to the nodes is local in space and takes
the form

CIJ,(u(ri, t)9Xi) = gA(ri’ t))’

so that each cell responds to the chemical concentration at its own
location. The reciprocal feedback from nodes to field is described
by

¥;(X)) = h(X)),

where h(X) is the state-dependent secretion rate of the mediating
chemical by oscillator j. Each oscillator therefore acts as a
localized source for the field.

The field itself evolves according to a diffusion-degradation
equation with point sources at the cell locations,

£8,A(r,1) = —nA(r, 1) + DV2A(r,0) + ) h(X))8(r —1)).

=1

This equation has an immediate physical interpretation. The term
DV?A spreads the signal through space, the term —7A removes it
through degradation or uptake, and the delta-source sum injects
new signal at the positions of the cells. The SCN is thus modeled
not as a directly coupled oscillator network, but as a population
of oscillators interacting through a shared diffusive medium.

A particularly revealing limit is the fast-diffusion regime, ¢ < 1,
in which the field relaxes much faster than the cellular variables.

In that case the field can be eliminated adiabatically, yielding
N
Ar) =) ot — 1) h(X)),
j=1

where o is the Green-function kernel of the operator 7 — DV?2.
Substituting this expression into the node dynamics [29-31] gives

X, =F.(X,) + g(z o(r, - ;) h(Xj)>.
Jj=1

This reduced form makes the physical content especially trans-
parent: each oscillator feels a weighted superposition of the
signals secreted by all others, with weights determined not by
an a priori network edge list but by the spatial propagator
of the medium. In one spatial dimension, the kernel decays
exponentially with distance, so the effective interaction range is
set by the competition between diffusion and degradation. Large
diffusivity or weak degradation produces longer-ranged coupling
and facilitates synchronization over larger distances, whereas
strong degradation localizes communication and makes coherent
behavior harder to sustain.

Silva et al. [27] showed that this effective range has direct
dynamical consequences. Long-ranged coupling promotes both
phase and frequency synchronization, while more localized
coupling requires stronger interactions and may yield frequency
locking without full phase coherence. The biological message
is clear: collective circadian order depends not only on the
intrinsic properties of individual cells, but also on how efficiently
the extracellular medium transports and preserves the signals
they exchange.

This line of reasoning was further clarified by Aristides and
Viana [32], who derived an integro-differential description for
systems with diffusion-mediated coupling and made explicit how
nonlocal interaction kernels emerge from the underlying field
dynamics. Their work helps formalize a general lesson already
visible in the SCN example: once the field is eliminated, one
obtains an effective interaction among discrete units, but the
structure of that interaction still reflects the physics of transport
in the medium.

From a broader circadian perspective, these models connect nat-
urally to earlier and later studies of synchronization in the SCN.
Gonze et al. [33] and Bernard et al. [34] showed that population-
level rhythmicity can arise through intercellular signaling even
when isolated cells are weak or heterogeneous oscillators.
Although these models are not always written explicitly in the
reaction-diffusion form of Equations (1)-(2), they share the same
central mechanism: synchronization is mediated by a collective
chemical signal rather than by purely direct pairwise couplings.
More recent work has shown that this effective coupling can
itself be heterogeneous, state-dependent, or even repulsive. For
example, Myung et al. [35] demonstrated that GABA-mediated
interactions in the SCN can act repulsively and contribute to
seasonal encoding, while Tokuda et al. [36] emphasized the
interplay of multiple signaling pathways in maintaining coherent
circadian rhythms.
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The same basic mechanism reappears, in a less oscillatory but
equally instructive form, in neural tissue more generally. Neurons
are discrete dynamical units connected by synapses, yet they
are also embedded in an extracellular medium through which
ions and signaling molecules move [5, 7, 8]. As a result, neural
communication is not determined solely by the synaptic wiring
diagram: neuronal activity also modifies the ionic and electrical
state of the surrounding space, and that modified environment
can in turn feed back onto nearby cells through extracellular ion
dynamics, ephaptic effects, and diffusive neuromodulation [5-
8]. The dynamics is therefore shaped by the interplay between
a discrete network of neurons and a continuous field defined
in the extracellular medium. In the notation of Section 2, the
extracellular neural setting corresponds to node variables Xx;
describing neuronal state and continuum fields u(r, t) describing
extracellular ionic or chemical concentrations. The observation
operators M, extract the local extracellular environment sensed
by neuron i, while ®; describes how that environment modifies
excitability and membrane currents. Conversely, ¥ represents the
localized release or uptake imbalance through which neuronal
activity reshapes the extracellular medium.

Let x;(t) € R™ denote the state of neuron i, typically including
membrane potential and additional recovery or gating variables,
and let the neurons occupy positions r; € Q C R3. The extra-
cellular medium supports one or more fields u(r,t), such as
the potassium concentration [K*], or the calcium concentration
[Ca’*],. The neuronal dynamics may then be written as

N
X = Fi(x;) + ZAijS(xj) + @;(u(r;, 1), x;), 10)

i=1

where F; describes the intrinsic dynamics of neuron i, the term
Zj A;;S(x;) represents synaptic input from other neurons, and
®; describes how the local extracellular environment modulates
neuronal excitability [37-39]. For example, extracellular potas-
sium alters the potassium reversal potential and hence the ionic
currents flowing through the membrane [37, 38]. In that case one
may write

®; = g (V; — Ex([K*],(x;,1))). an

Physically, this means that when potassium accumulates outside
the cell, the membrane currents are modified and the neuron can
become easier to excite [37, 38]; see Figure 3.

The extracellular field evolves in parallel according to

N
du=DVu—yu+ Y ¥, (1) —1), (12)

i=1

where D is a diffusion coefficient, y describes uptake, clearance,
or decay, and ¥;(x;) gives the rate at which neuron i releases ions
or neurotransmitters into the extracellular space [37, 39, 40]. This
equation also has a direct physical meaning. The diffusion term
spreads the signal through the tissue, the removal term limits how
long it persists, and the sum of localized sources injects signal at
the positions of active neurons. Each neuron therefore not only
responds to its environment but also helps create it.

s Blood vesse \
». Extracellular Space \_‘

FIGURE 3 | Neurons (mustard) contain sodium and potassium
channels together with the Na*/K*-ATPase, while dendrites additionally
contain NMDA channels. Glial cells (teal) act as potassium buffers, and
blood vessels (pink) supply oxygen to support the Na* /K*-ATPase. Taking
the cellular-level model to the continuum limit (upper right) yields a five-

compartment model comprising neuronal somata, neuronal dendrites,
glia, vasculature, and extracellular space. Reproduced with permission.
Ref. [40], Copyright 2025, PLoS.

This feedback loop gives rise to collective effects that neither
a purely synaptic network model nor a purely continuum
description can capture on its own. A paradigmatic example is
spreading depolarization [37, 38, 40], in which a local increase
in extracellular potassium depolarizes nearby neurons, promotes
further firing and further potassium release, and is then carried
through the tissue by diffusion. The result is a slowly propagating
wave of disrupted activity, very different from the rapid pulse-like
propagation of action potentials [41]. What matters here is that the
effective interaction among neurons is no longer determined only
by synaptic contacts: it is also shaped by how fast the extracellular
signal spreads, how quickly it is removed, and how strongly
neurons respond to it [37, 39, 40].

The broader lesson is the same as in the circadian example.
Once the field is treated as a dynamical variable, communi-
cation among discrete units is mediated by the physics of the
surrounding medium. If diffusion is sufficiently fast, the field
may sometimes be reduced to an effective nonlocal coupling
among neurons. If it is not, then the full coupled node-field
description must be retained. In either case, the strength, range,
and timescale of the interaction are not imposed a priori, but
emerge from transport, degradation, and sensing in the medium
itself.

5.2 | Infrastructure Networks: Distributed
Hazards and Flows

Infrastructure systems can holistically be understood as hybrid
discrete-continuous systems. They consist of discrete elements,
such as power stations, pumps, road junctions, and terminals,
whose states evolve according to an interaction network, but
they are embedded in spatial environments where hazards spread
out in a continuous fashion. Examples include floodwater over
irregular terrain, wind stress along a power corridor, temperature
across an urban area, or seismic intensity over a region. Their
dynamics therefore cannot be understood from the network
alone: the surrounding field loads, damages, or constrains the
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infrastructure, while the infrastructure redistributes internal
flows and, in some settings, feeds back onto the surrounding
field.

A useful formalization distinguishes two coupled layers. The
discrete layer is the infrastructure network, with node states x;(t)
representing operational variables such as pressure, flow, voltage,
queue length, or equipment status. The continuous layer defines
a spatial field u(r, t) representing the surrounding environment,
for example flood depth, hazard intensity, or mechanical stress.
Coupling from the field to the network is captured by terms of
the form ®;(u(x;, t), x;), which describe how local environmental
conditions at the position r; of asset i affect its state. Consider,
for instance, the additional power burden that heat waves impose
on power stations through increased demand for air conditioning
in urban areas. Conversely, feedback from the network to the
field is encoded through source or sink terms W¥(r,u;{x;}),
representing how infrastructure operation injects, removes, or
redistributes mass, energy, or load within the surrounding
domain. In the same example, widespread air-conditioning
usage produces temperature increases that modify the field’s
own spatio-temporal dynamics, thereby closing the feedback
loop.

Similarly to the neurobiological examples discussed in the
previous section, when the relevant spatio-temporal scales
align, these network-field couplings can generate phenomena
that appear nonlocal when viewed within a single layer, yet
follow comparatively simple dynamics when both layers are
considered jointly. Such apparent nonlocality in infrastructure
systems has been reported to play important, though difficult-
to-predict, roles, and existing models often fail to capture its
full complexity [42]. Thus, extending the study of infrastruc-
ture dynamics to explicitly include coupling with the envi-
ronment turns out to be a promising direction for future
research.

Other particularly relevant examples comprise urban drainage
or water-distribution systems exposed to flooding. Here, the
network comprises pipes, pumps, tanks, and junctions, while the
surrounding field is the water depth over the terrain. A natural
node state x;(t) may include pressure, discharge, and device
status. Floodwater acts on the network locally: if the water level
at a pump station exceeds a critical threshold, operation may
degrade or fail. Within the general formalism, this field-to-node
coupling can be represented as

Q;(u(x;, 1), x;) = -4 ®(u(ri’ 1) - h'crit) Xi» 13)

where A is an effective failure rate, and h, is a critical inundation
depth, and @ is the Heaviside step function. In this form, flooding
switches the local dynamics from normal operation to rapid
degradation once the ambient water depth exceeds the tolerance
of the asset. The spatial field therefore does not merely provide
background conditions; it actively changes the operability of
network components.

The feedback in the opposite direction is equally important.
Infrastructure components can act as localized sources, sinks,
or transfer points for the field. In the flooding example, leaking
pipes, overtopped manholes, or surcharge events exchange water

fragility exposure

FIGURE 4 | Schematic representation of the Operational-Affected-
Dismantled model. Left: a pictorial representation of how the two local
and nonlocal spreading mechanisms of cascade failure act in a toy
network. On the one hand, the affected node 1 can spread the failure
locally to nodes 4 and 6, through the edges drawn in orange, with rate (.
On the other hand, the nonlocal spreading, which can be seen as mediated
by an effective influence field, can cause a long-range spreading between,
for example, nodes 2, 3 and 7, which are not direct neighbors of 1. The
interactions with the time-dependent, spatially extended hazard field
are depicted with red dashed lines, which encodes a further stochastic
source for node failure. Right: diagram of the OAD compartmental model.
Reproduced with permission. Ref. [43], Copyright 2025, Elsevier.

with the surrounding surface. This can be written schematically
as

W(r, u; {x}) = ) a(x) 8(r - 1), (14)

where «;(x;) denotes the exchange rate associated with compo-
nenti,and & is the Dirac delta function that localizes the exchange
at the asset position.

Recent work has explored the effects of the continuous field-
like character of natural catastrophes on failure spreading within
infrastructure networks [43]. The authors argue that, to eval-
uate infrastructural risk, it is needed the contribution of both
the internal, overload-driven and (possibly) nonlocal dynamics
of the infrastructure itself, dubbed the Operational-Affected—
Dismantled model in the paper, with exogenous triggers that
are modulated by a time-varying, space-dependent hazard field.
In this formulation, affected components influence not only
their direct neighbors but also the transition rates of distant
nodes through the nonlocal mechanism that can be viewed, in
turn, as an influence manifold that may not need to follow the
architecture of the physical infrastructure; see Figure 4.

This is especially relevant here because it shows how external
stressors—such as storms or earthquakes—can be combined with
internal spreading dynamics to construct spatial risk maps at arbi-
trary spatial scale for empirical infrastructures. In the language of
the present perspective article, the external catastrophe acts as a
spatial field, while the infrastructure state evolves on the discrete
network and creates an effective field through nonlocal spreading
mechanisms. In this sense, the global field effect of ref. [43] plays
a role mathematically analogous to the continuous field u(r, t) in
the general network-field formalism.
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A complementary perspective is provided by the multiscale field
theory developed in ref. [44], which introduces a hierarchy of
descriptions for network flows ranging from mean-field to meso-
scopic and full scale-theoretic levels. Although that framework
does not model exogenous hazards directly, it is highly relevant
here because it provides a principled route from microscopic
transport rules on a network to coarse-grained field descriptions.
In this way, it broadens the relevance of the network-field
viewpoint beyond flooding or cascading failure and points
toward a more unified theory of infrastructure flows by offer-
ing tools to aggregate node-level information into continuous

variables.

These examples also clarify the main challenges in this domain.
First, there is often strong scale separation: infrastructure assets
are localized and heterogeneous, whereas the relevant hazard
or flow field may extend over much larger spatial domains.
Second, coupling matters most during extremes—floods, storms,
earthquakes, or large disruptions—precisely where observations
are sparse, and uncertainty is highest. Third, uncertainty enters
through both layers simultaneously, since one must estimate
network parameters, environmental forcing, and the exchange
terms that connect them. Finally, these systems raise a nat-
ural control problem: whether spatial measurements of the
field can be assimilated in real time to anticipate failures
and regulate the network before local disruptions become
systemic.

6 | Conclusions

The main contribution of the present perspective article has been
to identify shared structural features and to place them within
a common conceptual language. By distinguishing between
fields posed on network geometries and networks embedded in
ambient continua, and by expressing both situations through a
common network-field perspective, we have taken a first step
toward integrating approaches that are usually developed sepa-
rately. The aim has not been to erase the important differences
among applications, but to isolate the underlying mathematical
motifs that recur across them and to show that they can be
understood within a single structural framework.

A central challenge that cuts across nearly all coupled network-
field systems is empirical identifiability. In many of the settings
surveyed here, the variables and mechanisms that mediate the
coupling between network and field are only partially observable,
and the available measurements are often indirect, coarse-
grained, or distributed across incompatible spatial and temporal
scales. This creates a double difficulty. On the one hand, there
is a modeling problem: how should one decide which coupling
mechanisms are physically justified, what should be measured,
and what functional forms the interaction terms should take?
On the other hand, there is a validation and causality problem:
once a hybrid model has been proposed, how can one disentangle
the respective contributions of direct network experimentally
interactions, field-mediated effects, and external forcing in the
observed dynamics? These questions are especially pressing
in the application domains discussed in Section 5, where the
relevant exchanges often occur through latent or only indirectly
accessible variables.

Addressing these challenges will require tighter integration
between mathematical theory, measurement, inference, and
controlled perturbation. Yet this limited empirical accessibility
should not be seen only as an obstacle. Precisely because the key
couplings are often hidden, model-driven reasoning has an espe-
cially important role to play in identifying plausible mechanisms,
guiding what should be measured, and clarifying which coarse-
grained descriptions remain faithful to the underlying physics.
If this perspective can be pushed further, coupled network-field
dynamics may become not merely a collection of specialized
models, but a coherent and operational language for spatially
embedded complex systems.
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