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Abstract: RADATOOLS is a set of freely distributed programs to analyze Com-
plex Networks. In particular, it includes programs for Communities Detection,
Mesoscales Determination, calculation of Network Properties, and general tools
for the manipulation of Networks and Partitions. There are also several programs
not strictly related with networks, standing out one for Agglomerative Hierarchical
Clustering using Multidendrograms and Binary Dendrograms.

RADATOOLS is just a set of binary executable programs whose source code is
available in RADALIB. RADALIB is free software; you can redistribute it and/or
modify it under the terms of the GNU Lesser General Public License version 2.1
as published by the Free Software Foundation.

Community detection and mesoscale determination in RADATOOLS is based on the
optimization of modularity. In this document we describe the different definitions
of modularity that have been implemented in RADATOOLS.
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1 Definitions and notation

Let us suppose we have a complex network with NV nodes and a partition C' of the network in
M communities.

1.1 Common to all kinds of networks

@i Adjacency matrix element, with value 1 if there is a link from node i to node j, 0
otherwise

A Adjacency matrix A = (a;;) € RNV
Wij Weight of the link from node ¢ to node j, 0 if there is no link
w Weights matrix W = (w;;) € RV*Y

C; Index of community to which node ¢ belongs to
Unweighted networks may be analyzed using w;; = a;;.

1.2 Undirected networks

Undirected networks are characterized by symmetric adjacency and weights matrices: a;; = aj;
and w;; = wj; for all pairs of nodes 7 and j.

K Degree, number of links ok node ¢

) N
k' = Zaij (1)
j=1

2L Total degree

N N N
i=1

i=1 j=1

w; Strengh, sum of the weights of links of node %
N
j=1

2w Total strength
N

N N
QMZZZwij:Z;wi (4)

i=1 j=1

In networks without self-loops, L is the number of links.



1.3 Directed networks

Directed networks have asymmetric adjacency and weights matrices, thus it is necessary to
distinguish between links departing and arriving to nodes.

kf“t Output degree, number of links from node ¢
N
B =" ay (5)
j=1

k:}“ Input degree, number of links to node j

N
k‘}n = Z aij (6)
=1

2L Total degree
N N

N N
T ) ST DIt o "

i=1 j=1 i=1 j=1

w2 Output strengh, sum of the weights of links from node i
N
wf™ =" wij (8)
j=1
w?  Input strengh, sum of the weights of links to node j

N
wit =) wy (9)
i=1

2w Total strength
N N N N

2w = Z Zwij = ZwQUt Zw;-n (10)

4 =
i=1 j=1 i=1 j=1
Undirected networks are particular cases of the directed ones in which k" = k}n = k; and

QUt = wln = wZ'

wy i

1.4 Signed networks

Signed networks are those with positive and negative weights.

wg Positive and negative weights
wij = w;; — wy; (11)
w;; = max{0, w;;} (12)
w;; = max{0, —w;;} (13)



wz?t Positive and negative strengths
N
+ +
wt =Y (14)
j=1
wijE Positive and negative total strengths
N N N
+ + +
NN 15
i=1 j=1 i=1

If the network is signed and directed, then it is also necessary to distinguish between links
departing and arriving to nodes.

wii’OUt Positive and negative output strengths
N
w;t’out = Z wf; (16)
j=1
w]j-E’in Positive and negative input strengths
N
+,in +
wyt =) (7
i=1
2w*  Positive and negative total strengths
N N N N
+ + +,out +,in
2wt =Dy iy = wi M=) (18)
i=1 j=1 i=1 j=1

1.5 Bipartite networks

In bipartite networks, nodes can be of two different classes, that we will refer to as Individu-
als (I) and Teams (7).

bia Weight of the link between individual node i € {1,...,Ns}, and team node a €
{1,...,Np}.

Matrix B = (b;,) € RV XNT

A Weighted adjacency block matrix A € RVIHNT)X(Ni+NT) of 5 bipartite network
0 B
U; Individual node strength
Np
ui = big (20)
a=1



Vq

Team node strength

Ny
Vg = Z bia
i=1
Individuals total strength
Ny Nr Nr

Teams total strength

Np N; N
v=D va=2 3 bia
a=1 i=1 a=1

(21)

(22)

(23)

For these networks, u = v. Although not common, bipartite networks could also be directed.

B

D

out

Matrix B = (b;,) € RVNXNT

Matrix D = (dy;) € RNt *N1

Weighted adjacency block matrix A € RWNIHNT)X(NI+N1) of o directed bipartite net-

work, with D # BT

(5 2)

Individual node output strength

Individual node input strength
Team node output strength
Team node input strength

Individuals total output strength

(24)

(27)



U Individuals total input strength
Ny N; Nr
W= =3 3 30
i=1 i=1 a=1
v°u  Teams total output strength
Np N; Nr
=YY &
a=1 =1 a=1
v°u  Teams total input strength
Nr N Nr
=Y =35 &
a=1 =1 a=1

Thus, u°" = o™ and u'™ = v°". Finally, bipartite networks could also be signed, thus giving

. . +,out +,in “+,out *+,in i i
rise to the corresponding ui, v, u; ", ui ™, ve O, vg M, uE, vE, wEout gbin gEout gdin

2 Modularity types

The detection of communities in RADATOOLS is currently performed by modularity optimiza-
tion [1]. In RADATOOLS it is possible to use different variants of modularity.

UN Unweighted_Newman [1, 2]

UUN Unweighted_Uniform_Nullcase [1, 3]
WN Weighted_Newman [1, 2]

WS Weighted_Signed [7]

WUN Weighted_Uniform Nullcase [, 3]
WLA Weighted_Local_Average

WULA  Weighted_Uniform_Local_Average
WLUN  Weighted_Links_Unweighted _Nullcase [1, 4, 2]
WNN  Weighted No_Nullcase [(]

WLR Weighted_Link _Rank [7]

WBPM Weighted Bipartite_Path_Motif [3]

WBPS  Weighted_Bipartite_Path_Signed [¥]



2.1 [UN] Unweighted Newman

L ZZ ( - kout k.ln) 6(0“0 )

=1 j=1

2.2 [UUN] Unweighted _Uniform Nullcase

Q= ZZ (;Lz - N2> 5(Ci, Cy)

i=1 j=1

2.3 [WN] Weighted _Newman

out win
= % ZZ (ww 5 ) 6(Ci,Cy)

=1 j=1

2.4 [WS] Weighted_Signed

w—i— ,out w—lﬁ-,in wf,out w‘—,in
2 : 2 : J ? J . .
@= 2w+ + 2w~ (w” ( 2w 2w )) oG )

=1 j=1

2.5 [WUN] Weighted Uniform Nullcase

Q- ZZ(“’”— §2) 96 C)

=1 j=1

2.6 [WLA] Weighted_Local Average

wl] . ;)ut + wln
ou in
Q Z Z - kj kout kln 5(0“ Cj )
=1 j=1 i
where
out in
+ wj
t 1.in Z
a o Z Z kou J k,out kln
i=1 j=1 J

2.7 [WULA] Weighted _Uniform_Local_Average

wj 1 w4+ w;n
7 ZZ ( " Dy ke g ) O C)
i J

i=1 j=1

where
out + wln

Dy, = Z Z kout k.ln

=1 j=1

(35)

(36)

(37)

(40)

(41)



2.8 [WLUN] Weighted_Links_Unweighted _Nullcase

=YY ( ke ’“) 56 0y

=1 j=1

2.9 [WNN] Weighted No_Nullcase

ZZU}U (Ci, C;)

21]1

2.10 [WLR] Weighted _Link_Rank

N N
Q=Y (mGy —mim;)6(Ci, Cy)

i=1 j=1

(42)

(44)

where 7; are the components of the left leading eigenvector of G;, the random walk transition

matrix with teleportation 7 (the same as for PageRank):

N
T = E miGij
i=1

and

a (1_7)$3t+N if wP" > 0
Y % if wollt =0

The default value of the teleportation is 7 = 0.15.

2.11 [WBPM] Weighted_Bipartite_Path_Motif

For a bipartite network,

i £ v Q v
i=1 j=1
Nr N, _ar pout Ull)n
+ ZZ 5 5(Ca, Cy)
a=1 b=1
where
Nt
(BD)ij = Y _ bia da;
a=1
Ny
(DB)ab =Y _ dai biy
=1

(45)

(46)



and

_ 1 ol in out 51
ar = 20Ut g,in in yout Z Ya ( )
a=1
_ 1 all in out 52
ar = OUt ¢in 4,in 4 0ut Z U ( )
=1
d
an Ny Njp Nr Nr
V=2 > (BD)y+) > (DB)a (53)
=1 j:l a=1 b=1
in t in t
um uout Z Ui Ou vln Uout Z Ya Ou (54)
Note that
/(0 B » ([ BD 0
W_<D o) W‘<0 DB> (55)
and
0 1 out ,.inT
N — uout pin v 56
- 1 out uinT 0 ( )
Uout uin
inT’
5 ar uout ul® 0
N* = ( 0 ar ,Uout ,vinT (57)

If the network is not bipartite, the formulation is similar but with differences, and corresponds
exactly to the path motif modularity (with only the extremes of the path inside the community)

defined in [3] N
AN wout w
Q=33 (Wq,)” - ) (€0 C)) (58)
=1 j=1
where N
(W) = wir wy; (59)
r=1
and
N N
T=> "% Wy (60)
i=1 j=1

2.12 [WBPS] Weighted Bipartite_ Path_Signed

For a signed bipartite network,

Nr Ny I
-3y ( ) 501 ) (61)
i=1j
Nr Nrp
+ > 1< - )5(oa,cb) (62)



I +4 +,out +1n —,out —,in 4+— +,out —,in —+ —,out +,in
nj; = < a; " u; +ar T u Ty ) — <0‘1 u; uj +ar Ty T )(63)
T t + ut o, —,l t t ot
nl, = <a¥+ e T T TN m) — (a% v o, M an oot m) (64)
and
1 .
++ +,in ,,+,out
ar T qout g, F,in g,in g+ out Zva Va (65)
Nt
a; " = L Zv"in v, ot (66)
1 = 0Ut gy =i gy—,in 4, —out a a
a=1
1 .
+—- —+,in
ar T out g, —in g)F,in 4 —out Z Ua 0 (67)
1 .
-+ —,in , +,out
ar = —-0ut g0 ¢y —,in ¢, +,0ut Z'Ua Ya (68)
—
1 all
44+ +,in  +,out
Qp = pTout +,in 4, +,in ¢, +,0ut Zuz U, (69)
i
an = L Zu_’in T (70)
T 7 —sout gy—,in ¢ —,in 4, —,out 4 3 i
Ck+_ . 1 Z u-{—,in u—,out (71)
T 7 ytsout g—,in g 4,in 4, —,0ut . ) i
1 all
—— —,in +,out
AT = T 0ut i g in g Hout z;uz v; (72)
1=
and
Ny N;
_ + Pty . D). + .. —nty..
Vo= YN ((BTDY)i+ (BTD )i+ (BYD )y + (BT DY)y) (73)
i=1 j=1
Ny Np
+nt - + - -+
+ > > ((D"BMap + (D" B )ap + (DB )ap + (D~ BT )ap) (74)
a=1 b=1
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Ny

1 +in_ +,o0ut 1 _in_ —out
1=
1 NI + ¢ 1 N[ . + .
,1n —,ou —,In ,ou
e 2w e Do
i=1 i=1
1 N,
+,in ,,4,0ut —.,in . —,out
T e 2 e D v
a=1 —
1 N
+, —,out —,in , +,out
+ 7)—&-mv—,out Z'U m o mzva Ya
a=1
Note that
W= (WH—w") =" - (w2
N2 = (WH=Ww)" = (N?)" = (v?)
where )
0 B
+ _
= 'y )
_ 0 B~
v =( %)
w2t = BTDY + B D~ 0
B 0 Dt*BY + D B~
- BtD~+ B~ Dt 0
2 _
W = < 0 DB~ + D BT
and
++ +out +,in\T"
+ u (u™™m)
(N2) = ( a;-‘r ’U+ out ’U+ 1n T )
ar " u —out in)T
+ ( ! a;*v ,out T
_ Oé u+out U 7m)T
(NQ) = < Oé; ’U+ out ,1n T

+ 0 —+ out ’U+ 1n T

OéT’U’

If the network is not bipartite, the expressions become

0= (" 1) sc.c

=1 j=1

t i __  —out —i _ ¢ —i _ ~ out .
Nij = <a++ w " w4 amT w; w; ’m) - (a+ w; " w; "+ o T O
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and

and

N

att = - ! - E w-+’in w-J“Out
t-out gptin 4py+,in 4 )+ 0ut 1 1
=1
N
—— 1 2 : —,in —out
« = T T w;, w,
w*,out i qp—>in w*,out ? 7
=1
N
+— 1 2 : +,in _ —out
(6] = T T w, w,
w+,0ut N qptHin w*,out 7 7
=1
N
-+ 1 R ———
« - ,,—,out in ,,,—,in ,,,+,0ut w; w;
wTOUb g0 g =sIn gpFs
=1

N, N;
U =33 (W) + (W W)y + (WEW )y + (W WH)y)
i=1 j=1
1 A i sout 1 <IN .
,1n ,ou —,ln —,ou
Q= AN qp+out ;wi w; + w—An qp—out ;wi Wy

Ny

1 1 Ny
in —out —,in out
+ —F E w M w + — E w, M awh
w+,1n w*,out 7 ? w—n w+,0ut 7 1
i=1

=1

3 Modularity optimization

We have implemented in RADATOOLS several optimization heuristics:

h

t

Exhaustive search

Tabu search [9]

Extremal optimization [10)]
Spectral optimization [11]
Fast algorithm [12]
Louvain [13]

Fine-tuning by reposition

Fine-tuning by bootstrapping based on tabu search [9]
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