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Abstract. We prove two of Thébault’s conjectures. The first (1949) links four
lines, that they are rulings of hyperbolic paraboloids or that they are coplanar,
with orthocentric or isodynamic tetrahedra, respectively. The second (1953)
links the radical center of four spheres with elements of tetrahedra.

1. Introduction

It is very well known that an Euclidean tetrahedron 7= ABCD C A3, where
A3 is the Euclidean affine space, is called orthocentric, by definition, if the lines
through the vertices which are orthogonal to the opposite faces are concurrent; and
T is called isodynamic, by definition, if the segments that join the vertices with
the incenter of the opposite faces are concurrent. It is also very well known that
the radical center of four spheres is a point P such that the four powers of P with
respect to the four spheres are are equal.

In [12] the famous French problemist Victor Thébault (1882-1960) conjectured
the following: In a tetrahedron T = ABCD, the planes tangent at A, B, C, D
to the circumsphere of 7" cut the planes of the opposite faces in four lines. A
necessary and sufficient condition for these four lines to be rulings of a hyperbolic
paraboloid is that 7" be orthocentric, and a necessary and sufficient condition for
these four lines to be coplanar is that 7" be isodynamic.

But the above conjecture, since 1949 has remained open.

Also, in [13] Victor Thébault conjectured the following: In a tetrahedron ABCD,
let A’, B’, C’, D’ be the feet of the altitudes AA’, BB’, CC’, DD'. The planes
drawn through the midpoints of B'C’, C'A’, A’B’, D'A’, D'B’, D'C"’ perpendic-
ular to BC, CA, AB, DA, DB, DC respectively, are concurrent at a point P,
which is the radical center of the spheres described with the vertices A, B, C, D
as centers and with the altitudes AA’, BB’, CC', DD’ as radii.

This conjecture, since 1953 has remained open.

In this paper we prove affirmatively these two results; we will call them theo-
rems.
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Readers can see recent references of research papers about tetrahedra in [5], [6],
[15], [16], [17], and about Thébault’s problems in [2], [3], [4], [7], [8], [9], [10],
[11] and [14].

2. Results

Theorem 1. In atetrahedron T = ABCD, the planes tangent at A, B, C, D
to the circumsphere of 7' cut the planes of the opposite faces in four lines. A
necessary and sufficient condition for these four linesto be rulings of a hyperbolic
paraboloid is that T be orthocentric, and a necessary and sufficient condition for
these four lines to be coplanar isthat 7" be isodynamic.

Proof. To prove the result, we consider a Cartesian system of coordinates such that
A = (0,0,0), B = (1,0,0), C = (a,53,0), D = (7,d,¢) withaw > 0, 3 > 0
and £ > 0. Let w4, mp, m¢ and 7p be the planes tangent at A, B, C, D to the
circumsphere of T', respectively. Let o4, o, oc, op be the planes containing the
faces BCD, ACD, ABD, ABC respectively. Letry =w4Noa, rg =7nNog,
rc = m¢ Noc and rp = wp N op be the four lines of the problem. We can
calculate two points for every line r 4, rg, rc and rp:

. AE<H> 8 0) A(‘1>(6+7—1)+\I'(1—a)+oc(1—6)—v76(‘If+(€—1))+5(1—<1>) 1),

-3 1-9> e(®—1) c(1-9) ’
_ o Py—a(V+e) PO+B(2y—e—V)—2ad
"B = (20474” 204/6;@’0) A ( Z(@—(Qa) ! (8(’Y<I>—2a)) ’1> ' @
—(_o 5(28-9)—V4y 4 &
e = (204—1’0’0) A ( ( 5(17)201) W7173>’

rp = (557,0,0) A (225054 1,0)
Here, we denote a line [ through two points M and N asl = M A N,and ® =
o + B2 =AC? U =~2+ 6% + 2 = AD?

First, we note that this problem concerns the case of the Euclidean affine space
but not the projective space. That is to say, the thesis of the problem is only true in
the case that the four lines exist into the affine space and not into the plane of the
infinite. For example: ifa = 3, 8=1,7= 3,6 = L ande = /11, then T'is
isodynamic with ro C 7 (i.e. m¢ is parallel to o¢) and rp C 7o, bUt 14 & oo
and rp ¢ mo. Therefore T' is not equilateral, and we may assume that U # &
because 7" is not equilateral.

After a calculation, we find that the center of the circumsphere of T is O =

+ (B, d—a, W) Because the four lines are affine, we have o # 3,

v # % ® £ 1and & # 2q; see Equations (1). Also we may assume ¥ =# 1
because if ¥ = 1, since ¥ # ® we can choose another orientation of 7" with
AD =V # 1and AC = & = 1, and with Equations (1) the lines r4 and rp are
not affine. We note that " is isodynamic, by definition, if the segments that join
the vertices with the incenter of the opposite faces are concurrent. It is very well
known (see for example [1]) that 7" is isodynamic if and only if the three products
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of the pairs formed by the opposite edges are equal:
AB-CD = AC-BD =AD-BD
VO + T — 20y — 266 = VO/T +1 -2y = VIVE + 1 - 20
and this condition is true if and only if
29 -1 29® —2ay—280  2ay+236—®

R T d—1 T 2a-0 @)
And we have the equivalencies
2v—1  2v® —2avy — 2036 2v—1 207+286—@
= 0} = 3
200 — 1 d—1 <~ 200 — 1 200 — @ )
N 290 — 2ay — 236 2ay+2B5 — @
o1 T 2a-0

= 290 (20— B) + & (D — 1)+ 2(1 — 2a) (ay + 86) = 0.

We note that 7" is orthocentric, by definition, if the lines through the vertices which
are orthogonal to the opposite faces are concurrent. It is very well known (see for
example [1]) that 7" is orthocentric if and only if the sum of the squares of the pairs
formed by the opposite edges are equal:

AB? 4 CD? = AC? + BD? = AD? 4+ BC?
S1-2a7y-2680+40+ 0¥ =1-29v4+P+¥=1-2a0+D+ 7,
and this condition is true if and only if

v =q, 0= 4)

Now, if the four lines 74, 75, rc, rp are coplanar, then the three points My =

(zaaqwm @70) My = (55= 1,0 0) Mz = (5= 1,0 0) are collinear be-
cause the eight pomts in Equations (1) above are not in the plane z = 0; there-

fore 2a T = 27 7 because 8 # 0. Then if the four lines are coplanar we have

v = @27 1 . Also, the plane o1, which contains the four lines, also contains the
points My, MQ = Ms, and M, = (%,1, 5). Then, if we impose

that the point Mz = (é”’(;"‘(;l’;a), %*5(2&) 52;)’) 209 4 ) lies in the plane o1 we
find that 2v® (2a — @) + @ (P — 1) 4+ 2 (1 — 2a) (ay + 5d) = 0 because this is
the condition that we find when we impose that det(MyMs, Mo M, MQMAZ) =0
with ¥ = @%—j. Therefore, using Equations (2) and (3), if the four lines are
coplanar (in fact if rg, rc, rp are coplanar) then T is isodynamic. Recipro-
cally, if T is isodynamic, the points X = (z,y,z) in the plane o; through the
points My, My = Ms and M, verify oy = det(MyX, Mo My, Mo My) = 0.
An easy calculation, using Equations (2) and (3), proves that the eight points
of Equations (1) are in oy. Therefore, the four lines are coplanar. Now, if we
consider that 7" is orthocentric, then we calculate determinants and we find that
ra, B, rc and rp are parallel to the same plane. The plane by M5 and r¢
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is 09 = det(M3X, M3M,, M3My) = 0, or equivalently using Equation (4),
o9 = efy + (a2 —a) z=0andosNry = P = <%, g((g:?),ﬁ) And
with a calculation we have P € o3, where o3 is the plane by M3 and rp because

o3 = det(M3 X, M3M,, M3Ms) = 0, or using Equation (4),

o3 =ax+ by +cz+ VG2 =0,

where
a= (1-2a)p%,
b= (2a0—1)a+ VP —2Va)ef,
c= d+e,
d=T((®—20a)a(a— 1)+ 2 (¥ - 2a)),
e= a(l-2a)(a—(a®+5%)).

Therefore, the line I; through Mz which cuts rg and r¢ is a line that also cuts

ra in P. As before, we can calculate the plane by Mg = (%, 1,0)

and r¢ which is o4 = det(MGX,MﬁMQ, MgM,) = 0, and using Equation (4),
osNra=Q = (Q1,Q2,Q3) with

_ 2—2a+Vf+a(2a—F-2)

Q1= (w-1)B :
_ 2(a((1—0)(P+B+1)+20%-2) —B2W+B2) 4+ Ba(¥(2B+a—1)—28)+2a%(1—a)
Q2 = (P—T—UP+V2)52 ’
—d—2da —_ 2
QS — 6204 P—20a+d[—-V[F+P . (5)

B@—T—TD+T2)

Note that ¥ # & = & — & — Ud + U2 £ (. As before, using Equation (4), with
a calculation we have () € o5, where o5 is the plane by Mg and r5 with equation
o3 = det(Ms X, M3M, M3M;z) = 0. The line I through Mg which cuts r and
ro 1S a line that also cuts r4 in Q. Therefore, the four lines r 4, rg, rc, rp cut
the two lines Iy, I5. These two lines I, I are not parallel, for otherwise we find
that & = 2a. Also, they do not intersect each other, for otherwise we find that
® = 2a0or & = 1. In fact, with a longer calculation we can prove that the four
lines r 4, rg, rc, rp cut the two lines i1, I, without any condition; that is, without

the condition of Equation (4). For example, oo N 74 = P = (1=, 20 g
and always the four lines 4, rg, rc, rp of Equations (1) cut the two lines i1, Is.
Also, rp Nrc = & because ¥ # ¢, and rp Nrp = @ because ¥ # 1. Then
the four lines are not in the same plane, for otherwise they should be parallel and
they are in the sides of the tetrahedron 7", which is impossible. In conclusion: the
four lines r4, rB, rc, rp are parallel to the same plane, they are not in the same
plane and they cut two lines [y, I3 which are not parallel and do not intersect each
other. Therefore, they are four rulings of a hyperbolic paraboloid. Reciprocally, we
consider that the four lines 4, g, ¢, rp are rulings of a hyperbolic paraboloid
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H. First we make calculations and we have that

2v —1
7",407“13;zr$!Z:>\Il:<I>fy ,
200 — 1
2 208 — @
rANre 4D b= 2T
200 — P
29® — 20y — 20
raNrp #a0 =V = 7 d B,
d—-1
290 — 20y — 20
rgNrg# 2 =V = i an B,
d-1
2 208 — @
TBQTD#@:\I;:M,
200 — O

2v—1
20— 1"

Note that r4 N rp # @ and rg N ro # & imply, using Equations (2) and (3), that
T is isodynamic, and the four lines are in the same plane, in contradiction with that
they are four rulings of H. If rgNre # @, thenr4Nrp = &. The lines are rulings
of H; if rpNro # @, we must also have r 4 Nreo # &. Therefore, using Equations
(2) and (3), T is again isodynamic in contradiction. In conclusion rg Nr¢ = @.
ThenrpoNrp = &, because if notthen r4 Nrg # @and ro Nre # &, and, using
Equations (2) and (3), 7" is again isodynamic in contradiction. Also rg Nrp = &,
because if not then rg Nrp # @ and rg N ro # @, and, using Equations (2)
and (3), T is again isodynamic in contradiction. Therefore r 4, 5, ¢, rp are four
rulings of H parallel to the same plane. Then we impose that the director vectors
of r4, rg, rc, rp are linearly dependent; we calculate determinants and we find
that

rocNrp A =v=90 (6)

0=V (Py+aay+268—3y+1—-P)—0p)
+ @ (85 + 7 (—2ay — 285 + 3o — 1)) + 2a (v — ay — 08) +2B75.  (7)
But since U = 42+ 62 4 £2 for infinitely many ¢ € R,
0=Py+a(2ay+285 —3y+1—P)—00. (8)
This implies that
B ad 4+ af? —26Ba+ 68—«

—3a + 3a? + 2 ’ ®)
5 _—a3 —af? +3a%y + 8% — 3ay + «
B B(2a—1) '
0=2(B5+ v (—2ay —2B8 +3a— 1)) + 2 (v* — ay — 68) + 2B74.
The last equation of (9) implies that
_ 3 _ 2 2 3 2 2
5= —r 3a® — 3af” + 3a® — 2ay + 2a°y + 2avB° + 8 (10)

B(2a%y + 2982 — B2 = 27 + 20 — a?)
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With (10), the second equation of (9), and the condition v = % we have v = a.

Finally with this result and the first equation of (9), we obtain 6 = O“Tf"Q. Then T
is orthocentric. O

Theorem 2. In a tetrahedron ABCD, let A’, B’, C’, D’ be the feet of the alti-
tudes AA’, BB', CC', DD'. ! The planes drawn through the midpoints of B'C’,
C'A", A’B', D'A’, D'B’, D'C’' perpendicular to BC, CA, AB, DA, DB, DC
respectively, are concurrent at a point P, which isthe radical center of the spheres
described with the vertices A, B, C, D ascentersand with the altitudes AA’, BB/,
CC', DD' asradii.

Proof. To prove the result, we consider a Cartesian system of coordinates such that
A =(0,0,0), B=(1,0,0),C = («,3,0), D = (v,6,¢) with & > 0, § > 0 and
e > 0. In this system, the feet of the altitudes are

,_ Pe N ) B(y—
A_Ma(ﬁs,(l a)e,6(a—1)=B(y—1)),
;L Be M,

B = g (s -e).

,_ B

0= 5z (5 .02,
D/:(77670)’

where
My = (o —2a+1) (07 +€%) +2B0 (. — 1) + 8 (1 + &%)
+ By (By — 226 + 26 — 23),
My = a® (0% +€%) + By (By — 200).
Also we calculate the planes drawn through the midpoints of B'C’, C'A’, A’B’,

D'A’, D'B’, D'C’ perpendicular to BC, CA, AB, DA, DB, DC respectively.

They are
252
. 9 B4 M, B
Tpe =2(1 —a)z — 20y + tera Vi, § e =0,

ﬂ252 OéQMa +52€2 _

7rcA52ax+Qﬂy—62+82— A 0,

) p*e? M,
B VA VA

5262
Tpa = 292 + 20y + 262 — 6% — 4% — i =0,
M

— 2 2 b _

mp=2(1—7)x — 20y —2ez+ 6+~ 7]\/11)4‘7525270’
5252

7TDC52(a*7)$+2(5*5)y*2?32*a2+’72+52*62+52:0-

Lualtitude AA’” means that AA’ is the straight line segment which joins the vertex A with the
point A’ on the opposite side plane BC'D such that the segment AA’ is orthogonal to plane BC'D;
and this point A’ is called “foot of the altitude™.
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Another calculation shows that all these planes are concurrent at the point

§+a¢5¢+5ﬂ+m5—ﬁw¢>

P:(P17P2aP3): <¢7_

g pe
with
2(52 2.2
1) + e Ma
M 2.2
2p= M P
My + B?e M,
5262
2p = 72 4 §° :
o= +0%+

Finally, we calculate the power of P with respect to the spheres described with the
vertices A, B, C, D as centers and with the altitudes AA’, BB’, CC’, DD’ as radii
respectively. These are

2 2 2 B2e?
Fo= Pl 4P+ By =
)
P = (P, —1) + P? PQ_L,
b= (A= 1)+ Py + Py M, + 322
5262

PC:(Pl—Oé)2+(P2—B)2+P32—m,

Pi= (P =)+ (Py =8+ (Py—¢)® — &%

It is easy to check that P, — P, = P, — P. = P, — P; = 0. Therefore, P is the
radical center of the four spheres. O
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