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A diffusion needs covariance as well as drift

1 Introduction

For dX} = b'(X;) dt + ol (X;) AW},
EAXY = b'(X;) At + o(At), EJAX'AXI] =a¥(X;) At +0(At), a=o0'.

Thus the conditional covariance survives at the same order At as the mean increment.



It6’s formula opens two geometric routes

1 Introduction

1t6 formula:
o1 S
df (X¢) = 0;f(Xy) dX{ + iaijf(Xt)d[X’a X
= 0;f(Xy) 0 dX}.
For a diffusion with d[X*, X7]; = a¥ (X;) dt, the Hessian term contributes to the drift.

Route I: Stratonovich / first order Route IT: It6 / second order

e The ordinary chain rule is restored. e Quadratic variation becomes intrinsic
geometric data.

o C(lassical tangent vectors, differential
forms, and symplectic structures remain. e Tangent and cotangent structures become

The correction moves into the drift. second order.

The correction remains in the geometry.



Stochastic geometric mechanics: first-order

Literature: Stratonovich and classical geometric structures

[Bismut’81]: developed stochastic mechanics on symplectic manifolds

k
odzy = Xy, (2z¢) dt + Z Xpu, (z) o dW].

r=1

[Lazaro-Cami—-Ortega’08, Lazaro-Cami-Ortega’09]: stochastic Hamilton equations on
Poisson manifolds, together with stochastic Hamilton—Jacobi theory.

[Li’08, Wei-Chao-Duan’19]: completely integrable stochastic Hamiltonian system and
averaging principle.

[Wei-Huang-Duan’25]: stochastic Hamilton—Jacobi theory on Jacobi manifold.



Stochastic geometric mechanics: second-order

Literature: Itd calculus and Schwartz—Meyer geometry

[Nelson’67]: forward and backward mean derivatives, supplying the kinematics for
diffusion-based mechanics.

[Meyer’81, Schwartz’84]: made the diffusion generator an intrinsic second-order tangent
vector:

_ 1

[Nakagomi-Yasue—Zambrini’81]: built variational mechanics from mean derivatives,
obtaining stochastic Euler-Lagrange and Noether equations in Euclidean spaces, which are
called “Euclidean quantum mechanics”.

[Huang—Zambrini’23]: developed second-order symplectic geometry, connecting stochastic
Lagrangian/Hamiltonian mechanics with HJB equations and Schrodinger problems.



Mean derivatives

1 Introduction

Given a probability space (2, F,P), and equip it with a filtration {P;};cr. Let M be a manifold
with a linear connection V.

For an M-valued diffusion X adapted to (P;), define

(DX)'(t) = lim

el

[Xi(t+s) — Xit)

Pt:| )

(X9 (t+€) — X9()) (X*(t+€) — X*(t)) M .

(QXYV¥(®) = lmE [ -

e Due to Itd’s formula, DX (t) does not transform as a vector, but the following is:
: : 1. .
(DyX)'(t) = (DX)'() + T3 (X (D) QXY ().

o (Dz,Qz) = DLxd; + %ij.rv%j o, 1s the second-order vector field.



Stochastic parallel transport

1 Introduction

Stochastic parallel displacement Damped parallel displacement
The field V' is parallel along X when The curvature-corrected field solves
Voax,Vi = 0, dVi + The(Xo) VY 0 dXF
or, in local coordinates, + §R kje(Xe)VY (QXt)M dt =0, Vip = v.
dV{ + T (X)) VY o dX{ =0, Vip = . We denote its solution by
Its solution defines the stochastic parallel T(X)j,v = Vi
transport

The additional drift contracts curvature with the
L(X)j, : Tx,, M — Tx, M, I(X)iyv = Vi quadratic variation of X.

e For a metric connection, stochastic parallel transport preserves length, while the damped one includes the
distortion of noise.

e Covectors are transported by dual equations; the pairing n¢(V;) is preserved under dual parallel transport.



Mean covariant derivatives along diffusion

1 Introduction

Definition (Mean covariant derivatives)

Let V' be a time-dependent vector field along X¢. The mean covariant derivatives of V' with respect to X
are a vector field defined by

—(t) =lmE

dt €10

DV [I‘(X)§+EV(t+s) - V() ‘ Pt} DV . T(X)i  V(t+e) - V(t) ‘ Pﬁ}

The mean covariant derivatives of covector n along X are defined similarly.

DV DV 1 8 , ov 5

= = T 3@X)VR(V,0)9; = T+ VpoxV + 3 (QX)](Va o,V +R(V,0:)9;) ,
Dy _Dn_ 1, o -
D = 2 L(@X)R(,0)0 = 3L+ Vg xn + 5(@X)7 (V3 0,1~ (R(8:)8)n) .
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Stochastic variational problem

2 Stochastic variational principle on manifold with linear connection

o Lagrangian L : R x T'M — R;
e Stochastic action .
S[X] ::IE/ L(t,X, Dy X) dt;
0
e Admissible class
A0, T q.p0) = {X € ITH(M) : QX (1) = g(t, X(1)). VE € 0.7, as.}
o (Cameron-Martin) variation of diffusion
a v v v
5. X (1) =T(Xov(t), X5(t) = X(),
where v € Ho([0,77]; ¢) and
T

Ho([0,T7;q) :== {v :[0,T] x Q@ — T, M is absolutely continuous,/ [0(t)]dt < oo, v(0) =v(T) = 0} .
0



N4 Stochastic Hamilton’s principle

2 Stochastic variational principle on manifold with linear connection

o The diffusion X € A4([0,77];q, p) is called a stationary (or critical) point of S if the first variation
0S vanishes at X i.e.,

Stochastic Euler—Lagrange equation

For a regular L : R x TM — R, the diffusion X € A,4([0,T]; g, ) is stationary if and only if

%(diL) +dsL(ipgxT) + %diL(div(VT)) =dy L. (S-EL)

o Levi-Civita case

]

- (L) = d7'L.



Velocity variation reveals the geometric corrections

2 Stochastic variational principle on manifold with linear connection

Variation of the mean velocity, 5—1)(:(1‘) =T (XY)iv(t)

D
Z| Dyx!= T(X)p  +I(V,DyX)
=0 transported variation torsion

+ %(QX)“R(V, 0;)0; + %(QX)“(V@.T)(V, ;) .

curvature torsion gradient

The transported derivative is removed by stochastic integration by parts:

T . T Da
E/O a(T(X)o0) dt = —]E/O —r (W)t v(0) =v(T) =0.



Remark

2 Stochastic variational principle on manifold with linear connection

The three problems are built from the same stochastic action

T
S[X] ::]E/ L(t, X, Dy X) dt.
0

Stochastic Hamilton principle Stochastic optimal control Stochastic optimal transport
6S[X] =0 inf{ S[X] + EG(X inf S[X
[X] {S[x] (X1)} P S [X]

Stochastic EL HJB HJB-Fokker—Planck

Q. Huang, J.-C. Zambrini, From second-order differential geometry to stochastic geometric mechanics, J. Nonlinear Sci. 33,

2023.
W. H. Fleming, H. M. Soner, Controlled Markov Processes and Viscosity Solutions, 2nd ed., Springer, 2006.

T. Mikami, Stochastic optimal transport revisited, Partial Differ. Equ. Appl. 2, 2021.
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Literature: Euler—Poincaré reduction

[Marsden—Ratiu’99, Holm-Marsden-Ratiu’98]: gives a modern deterministic account of
Euler—Poincaré and Lie—Poisson reduction, momentum maps, reconstruction, and on semidirect
product Lie algebras.

[Simées—Colombo—de Leén-Marrero—de Diego—Padrén’24,

Simdes—Colombo—de Leén—Salgado—Souto’24]: symmetry reduction to contact/Herglotz mechanics:
Euler—Poincaré—Herglotz dynamics on g x R; Lagrange—Poincaré-Herglotz reduction and
reconstruction.

[Cipriano—Cruzeiro’07, Arnaudon—Chen—Cruzeiro’14]: Euler—Poincaré reduction for
Lie-group-valued diffusions using generalized mean derivatives, with examples on SO(3) and
diffeomorphisms group on T?.

[Holm’15, Cruzeiro-Holm—Ratiu’18]: consider the advected quantities with a Stratonovich
stochastic transport constraint; develop a stochastic Clebsch action in which noise couples through
the momentum map, yielding Stratonovich coadjoint motion and It6 double brackets.

[Chen—Cruzeiro-Ratiu’23] study stochastic semidirect product reduction with advected quantities,
dissipative fluid equations, and a stochastic Kelvin—Noether theorem.



Invariant connections on Lie group

3 Stochastic Euler—Poincaré reduction

Left invariant connection

For a Lie group G, left translation identifies TyG ~ g and T, G ~ g*. For u € g and g € G, denote
u|y = d(Lg)eu. A left-invariant connection on G is encoded by one bilinear map:

vl gxg—g, Vum)L = (Vﬁv)L.
Denote the adjoint of V¥ by V¥* : g x g* — g*; that is, for a € g*,v,w € g,

Vira(w) = a(Viw).

Curvature and torsion become algebraic
For every vector field U, V, W on G,

g

(R(U, V)W), = d(Ly). (valUgvg,lvg — Ve Vi, — vﬁ,,lUg,gflvg]) (g™ W)

T(V, W)y = d(L)e( Vh-1v, (97 Wo) = Viiw, (97 Vo) = lg7 Var g™ Wola )



Parallel transport in left trivialization

3 Stochastic Euler—Poincaré reduction

Parallel transport in left trivialization

For a smooth curve g(-), set {(r) = d(L4¢)-1)g(r) € g. Then the parallel transport operator satisfies
ot
[(g)t = d(Lg)) Texp<f L Ve dr) d(Ly(s)-1),

where T exp (f; A(r) dr) =3 fs<rn<m<”<t A(ry) -+ A(rn) drp - - - dry is the ordered exponential.

Reconstruction equation on Lie group

For vector fields U (t), { H,(t)}*_; on G, define u; = d(L,~1)g, U, hrt = d(L 1), Hr. A diffusion on G:
t t

dge = d(Lg,)e(ue dt — 3> V5 headt + Y ey dWY), *)
or equivently, odg: = d(Lyg, )e (ut dt — % . (HT(hT) + VI,;TYthm)dt + Zr hrt o de).

The stochastic parallel transport T'(g). can expressed by changing ¢ to d(Lg(ry-1)g(r) ©dg(r).



Mean covariant derivatives on Lie group

3 Stochastic Euler—Poincaré reduction

Proposition: Left-trivialized covariant derivatives

Let V be a time-dependent vector field restricted on g, for which we denote v(t) := d(L,-1),V (t). Then

DV 1
Aoty a5 = Drv+ Vi + (VEHo(0) + 3 T8, (V5 Vh0 = Vis 0+ R, kb))

Let 1 be a time-dependent 1-form restricted on g, for which we denote a(t) := d(Lg):n(t). Then

*ﬁ * * * * * &
d(Lg@))ed—: =Dia—Via+Yr (fV%THT(a) +1 (erera + vgk po— (R(-,hr)hy) a>> :

where (R(-,h)h)": g* — g* is defined as ((R(-,h)h) a) (v) = a(R(v, h)h).

DV

W(t) = Dsl,_o (T(9)i4sVy(tts)) -



Cartan—Schouten connections

3 Stochastic Euler—Poincaré reduction

o Left-invariant Cartan connections: V" : g x g — g is skew-symmetric;
e (A\-)Cartan-Schouten connections: Vv = Au,v], A € [0,1];
e Curvature and tensor
R"(u,v)w = A\ = D[[u,v],w],  T"(u,v) = (2A — 1)[u, v];
e Special cases:

A = 0, (—)-connection R=0, T(v,w) = —[v,w] T'(g9)t = dLg, dL(171 (left translation)
A= %, (0)-connection  R(u,v)w = 7i[[u, v,wl, T=0 T(g)!=dLg, Texp(fé f: adg:lodm) dLg‘:1
A =1, (+)-connection R=0, T(v,w) = [v,w] T'(g9)! = dRg, ng71 (right translation)

e Bi-invariance of Cartan—Schouten connections: the right bilinear map associated with
A-Catran—Schouten connection is
VSU = (A —1)ady v;
e Reconstruct SDE:
k r
dgt = d(Lgt)c(Utdt -+ Zr:l ht,’rth )



Stochastic E—P reduction: Cartan—Schouten case

3 Stochastic Euler—Poincaré reduction

Theorem

Let G be a Lie group endowed with a Cartan—Schouten connection. Let L : R x TG — R be a

left-invariant Lagrangian and ¢ : R x G X g — R be its restriction. For a diffusion g(t) € G satisfying (*).
The following are equivalent:

(i) The stochastic variational principle 6S[g] = 0 holds for variations a%gf’ (t) = T(g®)ov(t);
(ii) g(t) satisfies the stochastic Euler—Lagrange equation (S-EL);

(iii) The reduced stochastic variational principle SE [ £(t, g(t),u(t))dt = 0 holds with variations of the
form
A
5u = Dt(d(Lg“)fl)g(,«,)ég) + adu@)(d(Lg(t)fl)g(t)ég) — 5 adh(t) adh(t) (d(Lg(t)fl)g(t)(ig);
(iv) The stochastic Euler—Poincaré equations hold:

Y4 Y4 " Y4 1 . . 0 Y4
Dt(ﬁ) —ad, (%) = A(adh(H(g)) —3 adj, adh(%)) = d(Lg(t))e(@)' (S-EP-CS)



3 Stochastic Euler—Poincaré reduction

Mechanical case: For a left-invariant inner product (-, )y on g and
1
Z(t7 9, U) = §<’U,, u> + é(tv 9)7

the reduced equation becomes,

Diu — adf u — A (ad}: H(u) — %adz ad] u) = d(Lg)z%

)
by identifying % € g" to u € g and denote (ad, v, w) := (v, ad, w), Yu,v,w € g.

e For Cartan—Schouten connection, the curvature and torsion are covariantly constant, i.e.,
VR=VT =0.
e h=0: D = 0, so deterministic Euler—Poincaré dynamics is recovered.

e A\ = 0: noise enters through D; and reconstruction; the Euler—Poincaré operator is classical.

. H(%) = 0: only the double-coadjoint correction remains.



Explicit form of variation for (+, —) connections

3 Stochastic Euler—Poincaré reduction

Let w(t) be a curve in Ho([0, T];e). If ec(t) is the maximal integral curve of ew™(t) (resp. ew™(t)) with
initial condition e, then
0 0

2l e(t) = w(t), —=—

e=0

e A =0: The following two definitions of variation for g are equivalent
0 w w
59 (1) = d(Lgz)ew(t), g0 (t) = 9(t) <= g=(t) = g(t)e-(t).
For every € € [—¢0,&0], we have uc(t) = é-(t) " 'ec(t) + Ad,_(y-1 u(t).
e A\ = 1: The following two definitions of variation for g are equivalent
8 w w
59 (1) = dRgr)ew(t), 90 (t) = 9(t) <= 9=(t) = e=()9(t).
For every € € [—¢0,&0], we have uc(t) = u(t) + Ady_gy-1(é=(t)ec(t) ).



Stochastic E—P reduction: Levi—Civita case

3 Stochastic Euler—Poincaré reduction

Theorem

Suppose that G is a Lie group endowed with a left-invariant metric and a left-invariant Levi-Civita
connection V, whose left bilinear map is V¥ : g x g — g. Let L : R x TG — R be a left-invariant
Lagrangian and £ : R X G X g — R be its restriction.

(i) A diffusion g satisfying (*) is a stationary point of
6]Ef L(t, g(t), u(t))dt = 0,
with variations of the form
Su = De(d(Lg-1)409) + ada(n) (d(Lg-1)489) — S on_, Vi, Vi, (d(Lg-1)469) + K (d(Lg-1)409),
where @ = u — %Zle V%r h, the operator K : g — g is defined by

K(v):=1 Z, (V. [or, v] + Vi, U]hr). (1)



Stochastic E—P reduction: Levi—Civita case

3 Stochastic Euler—Poincaré reduction

Theorem

(ii) The following stochastic Euler—Poincaré equation holds:

Y4 Y4 Lo gy Y4 Y4 Y4 Y4
Du(32) i (22) 3 (-~ (32) +%, . (26)) +(3) = st P10
where the operator K : g* — g* is defined by

K(a)v = a(K®) =Y, 2a(VE ([~ v]) + Vi, o hr) (2)

e If w and ¢ are independent with g, then the stochastic Euler-Poincaré equation (S-EP-LC) coincides
with the one obtained in [Arnaudon—Chen—Cruzeiro’14].

e By the Koszul formula, the operator can be expressed as
K(a)v=— Zf L (dd' o P+ ad;r([hr, U]))

o If {H,}}_, is an orthonormal basis of g, then K (v) = —3(Av + Ric(v)) by metric dual.
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4 Examples

The three-dimensional Heisenberg group

1
H; = {g(a, b,c) = <0
0

Heisenberg algebra h3: canonical basis

_0 _9
" Oa ob

19}
£y Es Es = e

’ I .
e e e

Commutator relation
[E1, Eo] = E3, [E1, E3] = [E2, E3] = 0.
Dual basis

0" = da

B 0% = db’e,eg = dc}e.

Example 1: Heisenberg group H;

a C
1 b|:abceRy.
0 1

For v = v'E; and a = a;0® with their component
vectors

ad, w = (0.,0,1)11112 — Ule),

adl a = (—azv®, azv',0).

The two-step nilpotency

adj ady u = 0.



x4 I'xample 1: Harmonic oscillator on Hj

4 Examples

Consider a diffusion g: = g(as, b, ¢¢) and

constant vector h € b, Harmonic-oscillator S-EP system
odgs = d(L.(/t)C (ut dt+ho th)> Dtul 4 w23 + )\h27{(u3) = —a,
whose coordinate form is Dyu? — ulud — AbH(u?) = —b — ac,
Dtu?’ = —C.

oda; = uidt + h' o dWy,
odby = uldt + h* o AWy,
odcy = (uf + amf)dt + (h3 + athQ) o dWs.

e The mean derivative has the form

, ou' i 1 i
Diu' = — v = M.
The harmonic oscillator reduced Lagrangian e ot U + QH(H(U )
1 1 with the operator
Ug ) = 5 (01 + () +(0")?) — 5 (04024,

H =h"dy + h’0 + (h* + ah®)d.,
Using the Euclidean inner product (-, -) to U= 010, + 120y + (u® + au)o..

identify b3 with hs.



o4 An numerical implementation

4 Examples

One trajectory Ensemble mean (M = 40,000)

- A =0 A =1

o Initial point go = (0,0,0) and terminal distribution pj = N((l, 1,1), 0.25]13);
o Noise intensity h = (1,1,1);



Example 2: rotation group SO(3)

4 Examples

Left-invariant vector fields

« Identification s0(3) with R® by ~: R® — s50(3)
The field generated by FE; is Xi(g) = d(Lg)eE;. For
( 0 =¥ P > g = (gap) € SO(3), the coordinate expressions
: 1

8
X1 = a3 5—— )
99a3

~

Identificated so(3)* to R® by *: R® — s0(3)*

v\ 3 _ <
() = p-v, v eR. X2 ( Gaz 5 — 7851(13) .
e For the standard basis e; of RS, set B, = ¢; 5
X3 = Ja ) .
[E1, B3] = Es, [Eq, B3] = Eu, [Es, Ei] = Es. o ( 2‘99“1 " 0902

o The adjoint operators For F € C*°(S0(3)),

d
adyv=uxv, ad,pu=—uxu (XiF)(g) = gl » F(gexp(cE:)) = dFy(gEy).



Example 2: free rigid body

4 Examples

For SO(3) endowed with Cartan—Schouten S-EP equation

connection V,v = A[u,v] and a left-invariant .
inertia metric Dep+uxp+ A Zz I e x Xip

A 1
3 — - ; ; = —
(wywyir =7 Liviwi, v =B, w = wiE;, + D) 2ol tei x (e x p) =0, p = Tu.
Consider £(g,v) = 2v - Iv and a diffusion
satisfying LAY + (15 — In)u?u® + A (131;‘X2u3 - Igfg‘xgu?‘)
— . ) Al _ —
3 1~ A 1 1,1 _
odg: = g; (u(t,gt) dt + Zi:l ﬁei o dW;) . 5 (12 + 1 ) ul =0,
i
InAu® 4 (I — I3)u'u® + 2 (11 17 X! — 1 u:”)
The total mean derivative I
_ A2 (I;l +13—1) w2 =0,
2

1y
Dip= (0 +U+ D0 +X7) n=:Ap, s L (12t e - 1ty
sAu” + (Ig — In)u u” + A IpI; " Xju® — 11,  Xou

where U = v/ X;. Alg (171
1

+1;1) W3 = 0.



Example 2: free rigid body

4 Examples
For SO(3) endowed with Levi-Civita connection S-EP equation
V! and a left-invariant inertia metric 5
3 Dipi+u X i — Vi) (Hip) + Kip =0, p=1
(v,w)r = 21:1 Liviw;, v=v:E;,w =w;E;, th U X [ R i i = Uy i = W
=il
Consider £(g,v) = v - Iv and a diffusion
P P I I3 — 1T E
satisfying AU + (Is — I)u?u® + 2272 +2; 2 Xy’
2
J—
_ 3 1~ i Iy + 1y — I3 (I — I3)?
Odt*t(ut ¢)dt+ > —e-odW). - Azu? 4 L =o,
g g ( 79) Zz:l \/Z i t 213 3 21213 “
Io + 13 — 11
. . I ’2 I — ’1 ’3 A S ’3
The mean derivative 2Au” + (I = Is)uw 21 K
. I + 12 — I3 (Is — 11)? .
_ 1 3 1 12 . + Xaul 2_p
Dip = (at+u+52i:1 ITXz’):“—~ Ap 213 ST Y
: . Io+ 13— 11 2
. I;;Au‘3+(1271 uluz+7Xu
where U = v’ X. Y 21 !
Iy + Is — I. I — I,)2
— 1+ 13 2X2u1+(1 2) uS:O.
21 21112




Outlook

Semidirect product and contact reduction

Infinite-dimensional framework
o Solvability and numerical method
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Conclusion

o Stochastic Euler-Lagrange equation on manifold with
linear connections

o Stochastic Euler—Poincaré reduction

e Cartan—Schouten & Levi—Civita connections
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Thanks for your attention!
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