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OUTLINES OF THE TALK

@ HAMILTONIAN INTEGRABLE SYSTEMS
@ Liouville integrability
@ Noncommutative integrability

e MOTIVATIONS FOR INVESTIGATING NON-HAMILTONIAN
INTEGRABLE SYSTEMS

© BROAD-INTEGRABILITY

@ EULER-JACOBI THEOREM

© FrOM BROAD INTEGRABILITY TO EULER—JACOBI AND BACK
@ Broad implies Euler-Jacobi

@ Euler—Jacobi implies broad if

O FINAL COMMENTS
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LIOUVILLE-ARNOL’'D THEOREM

Liouville—Arnol’d Theorem

Let (M,w) be a 2d—dimensional symplectic manifold and let F : (fi,...,fy) :
M — BCRY

e be a submersion;
e have compact and connected level sets;

e have components pairwise in involutions {f;, fi} = Oforalli,j =1,...,d.
Let A be the set of regular values of F. Then for each x € A
Q F'(x) =19,

@ there exists an open neighborhood Uy of x in A and a diffeomorphism

(Lp): F7'(Uy) — V x T¢

with V C RY open, such that I = (/;,
diffeomorphism x : F(Uyx) — V;

@ the coordinates (/, ) on M are Darboux coordinates w = dI A de.

..., lg) = ko F for some
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(GEOMETRICAL AND DYNAMICAL MEANING OF

LIOUVILLE-ARNOL’'D THEOREM

Geometrical properties

@ M is T9-bundle with Lagrangian fibre;

@ TY — M — Ais a “local” principal toric
bundle, with structure group T¢;

@ action—angle coordinates (I, ¢) are
bundle (symplectic) coordinates.

Dynamical properties
If h: M — R is a hamiltonian such that {h,f;} =0foreachi=1,...,d, then

the flow of X}, is quasi—periodic on d—dimansional tori F = const, with
frequencies depending on the action alone
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SUPERINTEGRABILITY OR NONCOMMUTATIVE
INTEGRABILITY

Nekhoroshev—Mishenko—Fomenko Theorem

Let (M, w) be a 2d—dimensional symplectic manifold and let F : (f,..., fbg_p) :
M —s B C R2d-n

e be a submersion;
e have compact and connected level sets.
Let BB be the set of regular values of F and assume that
MF'1. there exists a function P; : B — R such that

{f.fy=Pjof, ij=1,..2d—n

ME2. The matrix P with entries Pj has (constant) rank 2d — 2n at all points of 5.
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NONCOMMUTATIVE INTEGRABILITY

Nekhoroshev—Mishenko—Fomenko Theorem, 1972 and 1978
Then for each x € B
Q@ F'(x)=Tn
@ there exists an open neighborhood Uy of x in B and a diffeomorphism

(b,): F 1 (Uy) — BxT", with B=b(Uy) c R®~",

such that the level sets of F coincide with the level sets of b, and writing
b= (p1,-~-apd—n,Q1a-~-aqd—m/1;-~-7In),

d—n n
wy, = _ Aok Adgk+ Y dlj A dy; .
k=1 j=1

The coordinates (p, g, I, ¢) are called generalized action—-angles
coordinates.

@ The theorem reduces to the LA Theorem for n = d.
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(GEOMETRICAL MEANING OF NONCOMMUTATIVE

INTEGRABILITY

@ The fibration by the invariant tori is
isotropic (condition MF2.) and has e The local actions /1, ..., I, are

a polar (foliation) fibration. (local) Casimirs of the Poisson
@ The base B of the fibration by the structure of B.

invariant tori is a Poisson @ The local actions ..., I, are

manifold. local coordinates on the base
@ The coordinates (p, q) are manifold A of the polar. A =

symplectic coordinates on the action manifold.

leaves of B.

Y ‘g*'f_.,

b
h
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DYNAMICAL MEANING OF NONCOMMUTATIVE

INTEGRABILITY

@ Dynamical meaning of the isotropic fibration — if all the integrals of
motion have been taken into consideration, they form the finest
invariant fibration of (some part of) the phase space.

@ Dynamical meaning of the coisotropic fibration — all motions inside
the same coisotropic fiber have the same frequencies.

If h: M — R is a hamiltonian such that {h,f;} =0foreachi=1,...,2d — n,
then h is conjugated to a new hamiltonian k = k(I) and
. Ok
p= W(I)
the flow is quasi—periodic on the invariant n—-dimensional tori F = const,
with frequencies depending on the actions alone.

Examples
@ Harmonic oscillators in resonance;
@ Euler—Poinsot system;
@ Kepler problem.
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WHY NON-HAMILTONIAN INTEGRABLE SYSTEMS?

NIcoLA

Original Motivation

WHAT IS A COMPLETELY INTEGRABLE
NONHOLONOMIC DYNAMICAL SYSTEM?
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A SIMPLE PARADIGMATIC EXAMPLE: THE

NONHOLONOMIC OSCILLATOR

@ Q= S" xR x S configuration space
® H=}(p2+pZ+p2)+ 3y Hamiltonian
@ Constraint p;, = y py
@ Dy = spang{dy, Ox + y0,} constraint distribution
@ G = T? translation along x and y
@ Gg = spang {0y, 0z},
@ Dynamical vector field
X=DPe. V=P, Bx=——2sPby. Py=-y
14 y2

@ p, and p, are not first integrals
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A SIMPLE PARADIGMATIC EXAMPLE:

NONHOLONOMIC OSCILLATOR

® §=(GND)q=spang{0x + y0;}
@ Consider

o f=f(y) G-invarianton Q

o &g = f(0x +y02) € T(S)

o £77Q cotangent lift

@ Impose i
¢MOH)m=0

@ obtaining
(T+yA)f +yf =0 = Jey =Ca-Plo=pev/1+ 12
is a G-invariant first integral of the system.
The motions are quasi-periodic on T3:

@ two independent first integrals
@ 3 dynamical symmetries tangent to the level sets of the first integrals
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A SIMPLE PARADIGMATIC EXAMPLE: NONHOLONOMIC

OSCILLATOR

The dynamics is G-invariant and descends to

the quotient space Q/G = R X is Hamiltonian with respect

to the rescaled

U nonholonomic-symplectic form
fQnn and Hamiltonian Hpp,
Je, and E;¢ descend to the quotient L
v reduced-integrability by
the reduced dynamics is periodic Liouville-Arnol'd theorem

I

the complete dynamics is generically quasi—periodic on T3
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HEAVY ROLLING WITHOUT SLIPPING BALL ON A

CYLINDER
@ Lagrangian

1 1
L=gm(|X[?) + 5lcl«l® —mgw; o Symmetry G =S0(2) x SO(3)

2
@ G-reduced space My = Mg /G
@ Phase space

Mg = R? x SO(3) x R? x R

Oscillations of z(t)
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SOME IDEAS/HISTORY ON NONHOLONOMIC SYSTEMS

l ~Ges

Chaplygin sleigh Rolling solids

Rolling penny Ball in a cylinder

Tippe-top Ball in a cup

ETTO (UNIVR) 3 SRABILITY AND EULER-JACOBI TARRAGONA, SEPTEMBER 1-4, 2026



CAvVEAT!!!

Nonholonomic mechanical systems:
@ mechanical systems with constraints on the velocities;
@ defined on a subbundle of TQ or of T*Q;
@ not Hamiltonian!!!

@ any link symmetries first integrals ?

1

need a ‘good’ notion of integrability

1

quasi-periodic dynamics on invariant tori
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WHAT IS AN INTEGRABLE NONHOLONOMIC SYSTEM?

Using ideas of Kozlov, Borisov and Mamaev: integrability as reduction to
quadratures, then

@ integrability by Lie’s Theorem;
@ integrability by Euler—Jacobi Theorem;

@ Hamiltonization ~ representation of a (reduced) system in (conformally)
Hamiltonian form and then use LA Theorem.

Do not give linear motions (if the level sets are compact and connected),
but after a change of time.

@ Broad-integrability (see Bogoyavlenskij 1998, Fedorov 1999, Zung
2018).

Guarantees the linearity of the flow (if the level sets are compact and
connected).
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BROAD—INTEGRABILITY

Bogoyavlenskij's characterization of integrability

Let M be a smooth n-dimensional manifold and X a smooth vector field on M. Assume
that for an integer 0 < k < n there exists a smooth map F = (fi,....,fi_k) : M —
F(M) C R"* with compact and connected fibers, such that:

Bl. Lxf, =0,foranya=1,...,n— k.

Let Mg denote the manifold of regular points of F, and assume it is dense in M. Moreo-
ver, assume the existence of k everywhere linearly independent smooth vector fields
Y1, ..., Yk on M such that

B2. LyX=[Y,X]=0,i=1,..,k,

B3. [V, Y]=0,ij=1,..k,

B4. Lyfo=0,foralli=1,...k,a=1,..,n—k.
Then:

@ for every regular value ¢ € F(M) of F, the fiber F~'({c}) of F is diffeomorphic to
the k—dimensional torus T*;

@ F defines a locally trivial fibration of Mg in k-dimensional tori;

@ X is conjugated to a vector field with linear flow in a neighborhood of each
invariant torus.
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Why broad-integrability?
What do we lose?
@ extends the classical notions of complete @ Integrability and reduction

and noncommutative integrability; do not (necessarily)

@ “many” nonholonomic systems fit this commute anymore;
criteria; @ Noether's Theorem: in

@ many properties of integrable systems do general symmetries do not
not require the Hamiltonian structure: i.e give origin to first integrals.

global properties, “flower—like structure”;

@ the class of integrable systems enlarges,
but the dynamical properties remain the
same.
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NONHOLONOMIC SYSTEMS THAT

BROAD—INTEGRABILITY

nonholonomic oscillator;

shakeboard;

vertical and falling disk;

Routh’s sphere;

rolling ellissoid;

ball on a vertical cylinder;

heavy ball inside a (an uniformely rotating) surface of revolution;
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ON BROAD-INTEGRABILITY

Caveat

In the Hamiltonian integrability is ensured from only one set of da-
ta — the integrals of motion. This is made possible by the Lie algebra
anti-homomorphism between functions and Hamiltonian vector fields

[X. Xg] = _X{f-g}

specific to the Hamiltonian case, that provides a mechanism to produce
(commuting) dynamical symmetries out of (commuting) integrals of motion.

v
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Theorem (Euler—Jacobi)
Let X be a never-vanishing smooth vector field on an n-dimensional smooth
manifold M, and let F = (f;,...,f,_2) : M — F(M) C R"~2 be a smooth map
with compact and connected fibers such that
EJ1. Lxf,=0,fora=1,...,n—2.

Let M,y denote the manifold of regular points of F, and assume it is dense in
M. Moreover let u € Q"(M) be a volume form on M invariant with respect to X,
i.e. Lxpu = 0. Then:

O for every regular value ¢ € F(M) of F, the level set F~'({c}) of F is
diffeomorphic to the 2-dimensional torus T?;

@ F defines a locally trivial fibration of Mg in 2-dimensional tori;

@ for every regular value ¢ € F(M), there exists a neighborhood U, C F(M)
of ¢ and a diffeomorphism C = (fi, ..., fo_2, Xp_1, Xn) : F~'(Ug) — Ug x T2,
such that in these coordinates X reads

f,=0, a=1,..n—-2,
Xa = Xa(fy, ..., fo_2)/®, a=n—1,n,

(1)

for some function ® € C>®(U; x T?), ® = &(fy, ..., f1_2,Xn_1, Xn), and
An_1,)\n € COO(UC).
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NONHOLONOMIC SYSTEMS THAT FIT EULER—JACOBI

INTEGRABILITY

nonholonomic oscillator;

vertical and falling disk;

Routh’s sphere;

rolling ellissoid;

ball on a vertical cylinder;

heavy ball inside a (an uniformely rotating) surface of revolution;

Chaplygin’s ball
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BROAD IMPLIES EULER—JACOBI

Proposition

Let (M, X) be a B-integrable system. Then there exists a volume form p on M
for which (M, i, X) is EJ-integrable.
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EULER—JACOBI IMPLIES BROAD IF

Proposition

An EdJ-integrable system (M, i, X), with M an n-dimensional manifold, is B-
integrable if there exists a one-form « on M constant along the flow of X and
one of the two following conditions holds:

Q@ dfi A... ANdfy_2 A € Q" (M) is not proportional to ix,
@ there exists z € M such that o, = 0 but (do), # 0.

Proposition

Let F = (f;,...,f,_2) : M — R"~2 be a submersion with compact and connec-
ted fibers, and X, Y be everywhere linearly independent vector fields on M that
are tangent to the fibers of F. X is B-integrable in 2-dimensional tori if one of
the following conditions is satisfied:
1. there exist g, h € C>°(M), h never vanishing, such that [X, Y] = gY, and
X(h) = _gh!
11. there exist g, h € C>°(M), h never vanishing, such that [X, Y] = gX, and
X(h) = —g.

BROD-INTEGRABILITY AND EULER-JACOBI TARRAGONA, SEPTEMBER 1-4, 2026




EULER—JACOBI IMPLIES BROAD IF

Proposition

Let (M, u, X) and (M, u, Y) be two EJd-integrable systems with the same in-
variant fibration, and let X and Y be everywhere linearly independent vector
fields. Assume there exists a function A € C°°(M) such that [X, Y] = \X.
Then X is B-integrable in circles, i.e., it has n — 1 functionally independent first
integrals with compact fibers.
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CONCLUSIONS AND PERSPECTIVES

Final comments
@ need for proper weaker notion of integrability;

@ which could be the role of almost—symplectic and almost—Poisson
structure?

@ any new ideas how to couple first integrals and dynamical symmetries?

@ weaken the notion of integrability(?) and use weaker notions of first
integrals and dynamical symmetries?
e ?7?7?
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THANK YOU FOR YOUR ATTENTION !!!
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