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(not our topic today).
3. Space of fields = space of sections I'(M, E).
4. Algebra of (offshell) observables = algebra of functionals C*>(I'(M, E),R).

Reactions ? We are SCARED of infinite dimensions.

Multisymplectic approach.

e Pros : observables finite-dimensional on some multiphase space.
Fully geometric description ~~ covariant theory.
Multisymplectic bracket ~~ L.-algebra structure (Rogers).

e Cons : Bracket is not Poisson (no internal multiplication) ~» no "multilocal" structure.

3/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

Fe) = [ (100, 900) ant)
M

~ local linear observables.

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

~> local polynomial observables.

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

P () = [ (7000007 )anx)
M
~> local polynomial observables.

> Multiplication of (local) observables ~~ Multilocal observables :

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

P () = [ (7000007 )anx)
M
~> local polynomial observables.

> Multiplication of (local) observables ~~ Multilocal observables :

(FEay - FE) = [ (FR gy o™ B9 2, ) a8 ()

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

P () = [ (7000007 )anx)
M
~> local polynomial observables.

> Multiplication of (local) observables ~~ Multilocal observables :
(FEay - FE) = [ (FR gy o™ B9 2, ) a8 ()

> Problem : Commutativity.

FROY - FPOY = FROY - FROY  but  fR™ g g™ f

4/16



Motivation - Observables as Integral Kernels
Our approach to C>(T(M, E),R).

‘ In a nutshell : Functionals are represented by integral kernels.

> For instance, for a field ¢ € (M, E),

P () = [ (7000007 )anx)
M
~> local polynomial observables.

> Multiplication of (local) observables ~~ Multilocal observables :
(FEay - FE) = [ (FR gy o™ B9 2, ) a8 ()

> Problem : Commutativity.

FROY - FPOY = FROY - FROY  but  fR™ g g™ f

~ symmetrization of X : f K g = f K™t g + g Xt £,
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Motivation - Goal of this talk
> Recap. Multilocal observables have the general form

1

Fran' o €T(E)— —

feu y <f(X17 T vXn)790®pl X |z§0®pn(xla v 7Xn)> dN(Xh T 7Xl7)

Goal of this talk
What is the domain of F™"!* ? The element f ® p is a section of some bundle, which one?

‘ Reflect all properties of integral kernels into properties of that bundle. ‘

> [FKR24] introduced 2-monoidal framework over open configuration spaces (diagonals
excluded) together with a Poisson structure.

My work. Restoring the diagonals in the previous framework by working with equivariant
structures via functorial approaches.
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G-equivariant sequences
Category of G-equivariant sequences.
1. Objects. Collections V = (V,, — M")HGN where each V,, is G -equivariant over M".

2. Morphisms. Collections of bundles maps (f,, VvV, — Wn> where each f, is
neN
& -equivariant covering Idpn.

This category is denoted by VBg, (M*).

Examples

lg = (R,R,R,--+) and Ix = (R,0,0,---)
(trivial action in each fibre).
For M = {x} ~» combinatorial (linear) species (Joyal) or &-modules (Loday-Vallette).
{Vector bundles over M} = full subcategory of VBs, (M*) :
V e VB(M)— (0,V,0,0,...) € VBs,(M*)

~ local vector bundles (~ local observables).
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lg = (R,R,...).

> ®-algebra structure : A € VBg, (M*®) with morphisms
m® A A — A and u® g — A

that is m® : A, ® A, — A, and elements 19 := u®(1) ~ each A, = usual algebra.
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Two Monoidal Structure
Take two (ordered) configurations

(x1,...,X%p) € MP and (1., yq) € M7

> External tensor product X°** ~~ element in the concatenated configuration

(X1 e s Xps Y1y ey Yg) € MPTI A Gpig

& p-action & 4-action

> There is an induced equivariance functor turning &, x &4-equivariance into
S p1q-equivariance (NHC26).

Cauchy tensor product X
Combines configurations of different sizes

(VRW), = P Indg’, o (Vo R W)
p+q=n

Interpretation ~~ concatenation of configuration and symmetrization.
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More about the Cauchy product

> Monoidal structure. (VBg,(M*),X) = symmetric monoidal category with unit
g = (R,0,0,...).

> X-algebra structure : A € VBg, (M*) with morphisms
m® ARA—A and Pilg—A
that is

me AR A — Apyg and 18 = (1)

Summary

Hadamard product ® ~~ local multiplication over the same configuration.
Cauchy product X ~~ multilocal multiplication over different configurations.
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® and X are compatible via an interchange law

Cagcp: (A®B)X(C® D) — (AK C) ® (BX D).

Theorem (NHC26)

The category VBes, (M*) equipped with X and ® is a symmetric 2-monoidal category
(Aguiar-Mahajan).

This allows the construction of 2-algebras :
» an algebra structure for ® ~ m® : A, ® A, — A, and ®-unit 1%.

» an algebra structure for X ~ mEq DA, R AL — AbL g and Reunit 15,

> a compatibility law between these two structures (Eckmann-Hilton like) :

m% o(mf}’&m;@) =m®

® _ KX
p.q otq and 15 =1,

O(mEq@)mﬁq)’ mEq (]l/?’ ]l;@) = ]ll(%rq
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Free Commutative Algebras

Given a local vector bundle V — M ~~» S®(V) — M commutative ®-algebra ~~ local
polynomial observables.

There is a free commutative X-algebra functor S¥ yielding
P :=S¥(S®(V)).
~» multilocal (polynomial) observables.
Example. M =R and V = R x Q rank r trivial bundle. Q = Vect(¢!,...,¢")

S®(V)e =R[&,...,&] ~ local observables

Sg (S®(V))(t1,...,t,,) = R[&l}la s ,5;1] QR -+ OR R[&}nv s 75;] = R[féj]lg,”jgr}n
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Free Commutative Algebras

Theorem (NHC26)
P =S¥ (5®(V)) is the free commutative 2-algebra generated by V.

Subtlety : the theorem does not hold for arbitrary V € VBg, (M*®) but only those of the form
V= M.

1. @-multiplication S®(V) ® S®(V) — S®(V) might not go through S¥.
2. Compatibility condition might not be verified :

(a0 b)H(cod)=(aldc)o(bod)

12/16
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Poisson 2-Algebra Structure

Given a skew-symmetric kernel
k: VRV —lg.

Theorem (NHC26)
The kernel k induces a unique Poisson bracket on P = S¥(S®(V)) :

PXP—P
compatible with both algebra structures X et ®.

The Poisson bracket satisfies :
» skew-symmetry;
» Jacobi identity;
» [X-Leibniz rule (seen as X-biderivation) : {a, b c} = {a, b} He+ bl {a, c} ;
» ®-Leibniz rule (seen as ®-biderivation) :
{aboc}={ab}o (1°0c)+ (1®Eb) ® {a,c}.
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Diagonals already matter!
Let (x1,...,xn) € M", denote

Stab(x1, ..., Xxp) = {a €Gp, o (X1, ..y%0) = (x1,.. x,,)}

An equivariant section must take its values in the invariant subspace of the fibre.

Geometric Consequence

Diagonals produce a rank-drop phenomenon at singular points.

Example. Trivial rank r. V = R x Q. With basis (£1,...,¢") of Q.
=M

S®(5®(v))(m) =R[&, ..., 6,8, &)

i+ i )
5‘1% and a' = S~y 5t2 so that

Introduce s’ =
SH(SP(V)) (= RIs', - ST @R Rl dicicj<s

14/16
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Fte) = [ (70 x). Go)a) B B G)(x0) ™) i, )

Claim 2. Any skew-symmetric kernel k : (JE)* ¥ (JE)* — lg induces a Poisson bracket B on
P(E). For example,

(k = causal propagator) == (B = Peierls bracket)
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Drinfeld) [Brouder-Fauser-Frabetti-Oeckl 2004] [Brouder 2009] [Herscovich 2019] (ongoing
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e Renormalization from blow-up along diagonals (ongoing Frabetti, Khavkine, Kotov,
NHC, Ryvkin).

e Symmetries : gauge, BRST and BV with groupoids (ongoing Amiel).

e Supergeometry to get fermions :)

e Link with Factorization Algebras and pAQFT (Gwilliam, Rejzner).

e Description of the algebra of on-shell observables.
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