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Motivation - Classical Field Theory
1. Field Theory (of matter) = a vector bundle E → M, with M a (spacetime) manifold.

2. Dynamics given by a Lagrangian density

L : J1E −→ DensM ∼= ΛnT ∗M ⊗ Orientation(M)

(not our topic today).
3. Space of fields = space of sections Γ(M, E ).
4. Algebra of (offshell) observables = algebra of functionals C∞(︁

Γ(M, E ),R
)︁
.

Reactions ? We are SCARED of infinite dimensions.

Multisymplectic approach.
• Pros : observables finite-dimensional on some multiphase space.

Fully geometric description ⇝ covariant theory.
Multisymplectic bracket ⇝ L∞-algebra structure (Rogers).

• Cons : Bracket is not Poisson (no internal multiplication) ⇝ no "multilocal" structure.
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Motivation - Observables as Integral Kernels
Our approach to C∞(︁

Γ(M, E ),R
)︁
.

In a nutshell : Functionals are represented by integral kernels.

▷ For instance, for a field φ ∈ Γ(M, E ),

▷ Multiplication of (local) observables ⇝ Multilocal observables :

(F poly
f ⊗µ · F poly

g⊗ν )(φ) =
∫︂∫︂

M2

⟨︂
f ⊠ext g(x , y), φ⊗p ⊠ext φ⊗q(x , y)

⟩︂
dµ⊠ext dν(x , y)

▷ Problem : Commutativity.
F poly

f ⊗µ · F poly
g⊗ν = F poly

g⊗ν · F poly
f ⊗µ but f ⊠ext g ̸= g ⊠ext f

⇝ symmetrization of ⊠ext : f ⊠ g = f ⊠ext g + g ⊠ext f .
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Motivation - Goal of this talk
▷ Recap. Multilocal observables have the general form

F multi
f ⊗µ : φ ∈ Γ(E ) ↦−→ 1

n!

∫︂
Mn

⟨︂
f (x1, · · · , xn), φ⊗p1 ⊠ · · ·⊠ φ⊗pn (x1, . . . , xn)

⟩︂
dµ(x1, · · · , xn)

Goal of this talk
What is the domain of F multi ? The element f ⊗ µ is a section of some bundle, which one ?

Reflect all properties of integral kernels into properties of that bundle.

▷ [FKR24] introduced 2-monoidal framework over open configuration spaces (diagonals
excluded) together with a Poisson structure.

My work. Restoring the diagonals in the previous framework by working with equivariant
structures via functorial approaches.
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S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).

6 / 16



S-equivariant sequences
Category of S-equivariant sequences.

1. Objects. Collections V =
(︁
Vn → Mn)︁

n∈N where each Vn is Sn-equivariant over Mn.

2. Morphisms. Collections of bundles maps
(︂

fn : Vn → Wn

)︂
n∈N

where each fn is
Sn-equivariant covering IdMn .

This category is denoted by VBS•(M•).

Examples

I⊗ = (R,R,R, · · · ) and I⊠ = (R, 0, 0, · · · )

(trivial action in each fibre).

For M = {∗} ⇝ combinatorial (linear) species (Joyal) or S-modules (Loday-Vallette).

{Vector bundles over M} = full subcategory of VBS•(M•) :

V ∈ VB(M) ↦−→ (0, V , 0, 0, . . .) ∈ VBS•(M•)

⇝ local vector bundles (⇝ local observables).
6 / 16



One Monoidal Structure
Given V and W two S-equivariant sequences.

Hadamard tensor product ⊗
Fibrewise and degreewise tensor product :

(V ⊗ W)n = Vn ⊗ Wn

Interpretation ⇝ product over the same configuration (⇝ local polynomial observables).

▷ Monoidal structure.
(︁
VBS•(M•), ⊗

)︁
= symmetric monoidal category with unit

I⊗ = (R,R, . . . ).

▷ ⊗-algebra structure : A ∈ VBS•(M•) with morphisms

m⊗ : A ⊗ A −→ A and u⊗ : I⊗ −→ A

that is m⊗
n : An ⊗ An −→ An and elements 1⊗

n := u⊗
n (1) ⇝ each An = usual algebra.
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Two Monoidal Structure
Take two (ordered) configurations

(x1, . . . , xp) ∈ Mp and (y1, . . . , yq) ∈ Mq

▷ External tensor product ⊠ext ⇝ element in the concatenated configuration

(x1, . . . , xp⏞ ⏟⏟ ⏞
Sp-action

, y1, . . . , yq⏞ ⏟⏟ ⏞
Sq-action

) ∈ Mp+q ↶ Sp+q

▷ There is an induced equivariance functor turning Sp × Sq-equivariance into
Sp+q-equivariance (NHC26).

Cauchy tensor product ⊠
Combines configurations of different sizes

(V⊠W)n =
⨁︂

p+q=n
IndSn

Sp×Sq

(︁
Vp ⊠

ext Wq
)︁

Interpretation ⇝ concatenation of configuration and symmetrization.
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More about the Cauchy product

▷ Monoidal structure.
(︁
VBS•(M•),⊠

)︁
= symmetric monoidal category with unit

I⊠ = (R, 0, 0, . . . ).

▷ ⊠-algebra structure : A ∈ VBS•(M•) with morphisms

m⊠ : A⊠ A −→ A and u⊠ : I⊠ −→ A

that is
m⊠

p,q : Ap ⊠
ext Aq −→ Ap+q and 1⊠

0 = u⊠
0 (1)

Summary
Hadamard product ⊗ ⇝ local multiplication over the same configuration.
Cauchy product ⊠ ⇝ multilocal multiplication over different configurations.
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2-Monoidal Structure
⊗ and ⊠ are compatible via an interchange law

ζA,B,C ,D : (A ⊗ B)⊠ (C ⊗ D) −→ (A⊠ C) ⊗ (B ⊠ D).

Theorem (NHC26)
The category VBS•(M•) equipped with ⊠ and ⊗ is a symmetric 2-monoidal category
(Aguiar-Mahajan).

This allows the construction of 2-algebras :
▶ an algebra structure for ⊗ ⇝ m⊗

n : An ⊗ An → An and ⊗-unit 1⊗
n .

▶ an algebra structure for ⊠ ⇝ m⊠
p,q : Ap ⊠ext Aq → Ap+q and ⊠-unit 1⊠

0 .
▶ a compatibility law between these two structures (Eckmann-Hilton like) :

m⊠
p,q◦

(︁
m⊗

p ⊠m⊗
q

)︁
= m⊗

p+q◦
(︁
m⊠

p,q⊗m⊠
p,q

)︁
, m⊠

p,q
(︁
1⊗

p ,1⊗
q

)︁
= 1⊗

p+q and 1⊗
0 = 1⊠

0
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Free Commutative Algebras

Given a local vector bundle V → M ⇝ S⊗(V ) → M commutative ⊗-algebra ⇝ local
polynomial observables.

There is a free commutative ⊠-algebra functor S⊠ yielding

P := S⊠
(︁
S⊗(V )

)︁
.

⇝ multilocal (polynomial) observables.

Example. M = R and V = R × Q rank r trivial bundle. Q = Vect(ξ1, . . . , ξr ) :

S⊗(V )t = R
[︁
ξ1

t , . . . , ξr
t
]︁
⇝ local observables

S⊠
(︁
S⊗(V )

)︁
(t1,...,tn) = R

[︁
ξ1

t1
, . . . , ξr

t1

]︁
⊗R · · · ⊗R R

[︁
ξ1

tn
, . . . , ξr

tn

]︁ ∼= R
[︁
ξi

tj

]︁
1⩽i,j⩽r ,n
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Free Commutative Algebras

Theorem (NHC26)
P = S⊠

(︁
S⊗(V )

)︁
is the free commutative 2-algebra generated by V .

Subtlety : the theorem does not hold for arbitrary V ∈ VBS•(M•) but only those of the form
V → M.

1. ⊗-multiplication S⊗(V ) ⊗ S⊗(V ) → S⊗(V ) might not go through S⊠.
2. Compatibility condition might not be verified :

(a ⊙ b)⊡ (c ⊙ d) = (a ⊡ c) ⊙ (b ⊙ d)
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Poisson 2-Algebra Structure
Given a skew-symmetric kernel

k : V ⊠ V −→ I⊗.

Theorem (NHC26)
The kernel k induces a unique Poisson bracket on P = S⊠

(︁
S⊗(V )

)︁
:

P⊠ P −→ P

compatible with both algebra structures ⊠ et ⊗.

The Poisson bracket satisfies :
▶ skew-symmetry ;
▶ Jacobi identity ;
▶ ⊠-Leibniz rule (seen as ⊠-biderivation) :

{︁
a, b ⊡ c

}︁
=

{︁
a, b

}︁
⊡ c + b ⊡

{︁
a, c

}︁
;

▶ ⊗-Leibniz rule (seen as ⊗-biderivation) :{︁
a, b ⊙ c

}︁
=

{︁
a, b

}︁
⊙

(︁
1⊗ ⊡ c

)︁
+

(︁
1⊗ ⊡ b

)︁
⊙

{︁
a, c

}︁
.
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Diagonals already matter !
Let (x1, . . . , xn) ∈ Mn, denote

Stab(x1, . . . , xn) =
{︁

σ ∈ Sn, σ · (x1, . . . , xn) = (x1, . . . , xn)
}︁

An equivariant section must take its values in the invariant subspace of the fibre.

Geometric Consequence
Diagonals produce a rank-drop phenomenon at singular points.

Example. Trivial rank r . V = R⏞⏟⏟⏞
=M

×Q. With basis (ξ1, . . . , ξr ) of Q.

S⊠
(︁
S⊗(V )

)︁
(t1,t2) = R

[︁
ξ1

t1
, . . . , ξr

t1
, ξ1

t2
, . . . , ξr

t2

]︁
Introduce s i = ξi

t1
+ξi

t2
2 and ai = ξi

t1
−ξi

t2
2 so that

S⊠
(︁
S⊗(V )

)︁
(t,t) = R[s1, . . . , s r ] ⊗R R[aiaj ]1⩽i⩽j⩽r
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Takeaway
What was achieved
Algebraic framework for multilocal observables over configuration spaces with diagonals
included.

Field theory E → M ⇝ "bundle of observables"

P(E ) = S⊠
(︂

S⊗(JE∗) ⊗ DensM

)︂
Claim 1. There is an algebra homomorphism
F multi : f ⊗ µ ∈ Γc

(︁
P(E )

)︁
↦−→ F multi

f ⊗µ ∈ C∞(︁
Γ(E ),R

)︁
defined by

F multi
f ⊗µ (φ) =

∫︂
Mn

⟨︂
f (x1, . . . , xn), (jφ)(x1)⊗p1 ⊠ · · ·⊠ (jφ)(xn)⊗pn

⟩︂
dµ(x1, . . . , xn)

Claim 2. Any skew-symmetric kernel k : (JE )∗ ⊠ (JE )∗ −→ I⊗ induces a Poisson bracket B on
P(E ). For example, (︁

k = causal propagator
)︁

=⇒
(︁
B = Peierls bracket

)︁
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Perspectives

Bundle of observables : P(E ) = S⊠
(︂

S⊗(JE∗) ⊗ DensM

)︂
is generated by finite-dimensional data.

• Connection with combinatorial species and operads (ongoing NHC).
• Causal propagator k is singular ⇝ restriction to microcausal distributions (ongoing

FKNR).
• Quantization of P(E ) via Laplace pairing (twist deformation à la Sweedler, Rota-Stein,

Drinfeld) [Brouder-Fauser-Frabetti-Oeckl 2004] [Brouder 2009] [Herscovich 2019] (ongoing
Frabetti, NHC)

• Renormalization from blow-up along diagonals (ongoing Frabetti, Khavkine, Kotov,
NHC, Ryvkin).

• Symmetries : gauge, BRST and BV with groupoids (ongoing Amiel).
• Supergeometry to get fermions :)
• Link with Factorization Algebras and pAQFT (Gwilliam, Rejzner).
• Description of the algebra of on-shell observables.
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