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Motivation and goal

m Eisenhart lift (1929): geometrizes dynamics — electromagnetic
fields encoded in a higher-dimensional metric

m Stackel geometry: classical framework for separation of variables
via Stickel matrices S;(q')

m Symplectic-Haantjes (w.7#’) geometry [Tempesta & Tondo]:
characterizes separability on phase space, with a constructive
algorithm for separating coordinates

Goal: Study separation of variables of the Eisenhart-lifted system from
the point of view of w.7# geometry, and generalize the lift to a Stackel
lift. Results:

Stackel lift: a lifting procedure generalizing the Eisenhart lift;
B classical Eisenhart lift is a special case of the Stackel lift (Thm. 1);

every Stickel lift carries a symplectic-Haantjes structure (Main
Thm.); if the lift is momentum-dependent, the Haantjes operators
are non-projectable.
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Symplectic-Haantjes (w.7) geometry: brief review

Let M be a manifold, K: TM — TM a (1, 1) tensor field.

Definition (Haantjes 1955)

The Haantjes torsion of K is

He(X, Y) = K2Tk(X, Y) + Tk (KX, KY) — K(7T((X, KY) + T (KX, Y)),

where Tk is the Nijenhuis torsion. K is a Haantjes operator if Hx = 0 (weaker than
Nijenhuis).

Definition (Haantjes algebra of rank m)

(M, ), S a set of Haantjes operators forming a free module of rank m over
C°(M) and a ring under composition. Abelian if all K € /# commute.

Definition (Tempesta—Tondo, w.## manifold)

(M,w, ) of rank m: (M,w) symplectic, .2 an Abelian Haantjes algebra of rank m,
algebraically compatible with w: w(X, KY) = w(KX,Y), VK € .

Ondfej Kubii Stackel lifts, symplectic-Haantjes structures



Haantjes chains and separability

Definition (Haantjes chain)

Let (M, %) be a Haantjes algebra of rank m. A smooth function H generates
a Haantjes chain of length m if there is a basis {Ki,...,Kmn} of S such that
KTdH =: dHa, a =1,...,m, are locally exact.

Theorem (Reyes, Tempesta & Tondo 2022)

Under mild technical conditions, complete Liouville integrability +
separability of the Hamilton—Jacobi equations for {Hi, ..., H,} < an w?’
manifold of rank n with a Haantjes chain generated by Hy, with operators

n

=3 2al00( 2 ga
i=1

0 ®dpi>7 a=1,...,n

8H1/8p,' aqi 8Pi

Coordinates (q, p) diagonalizing {K.}: Darboux—Haantjes (DH)
coordinates. A constructive algorithm exists via eigen-distributions of K,
[Tempesta & Tondo 2021].
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Stackel geometry

A large class of separable systems satisfies the Stackel equation

Hy fi(q*, p1) Si(g') Swa(q') Siz(qh)
Ho| =S | 6(d? )|, S=151(¢") S2(¢°) Sx(q)
Hs (a3, p3) $31(6°)  Sn(q®) Ss(d?)

Stackel matrix S: rows depend on separated coordinates; generalized
Stackel functions f,(q', p;) [Arnold, Kozlov & Neishtadt 1997].
Classical case f, = %pf + Wi (g*): associated Haantjes operators project
to Killing tensors,

S,/ 9 0 e S, 0 ,
11232 2 (g 00 + g 0nr) 22 g o
r r=1 r

Sjk = cofactor of Sy;.
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Eisenhart lift: review

Eisenhart lift: EM fields (A, V') encoded in the metric on an extended

space. )
Riemannian: M - M =M x R,

A = 1g"(pi + Ai(q) pu) (B + Ai(q) pu) + V(q) P2

Lorentzian: M — M = M x R x R, add p,p; to A.
Properties: integrals become homogeneous in momenta;
(super)integrability is preserved; u, t cyclic.

Question: can this lift be produced systematically, and does it carry a
Haantjes structure?
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Stackel lift: definition

Definition (Stackel lift)

Let S((q) be an (n x n) Stickel matrix. Its Stéckel lift is the
(n+ 1) x (n+ 1) lifting matrix

St.n1(q", p1)

" s ;
L +1)(q’ p) = (q) . ( o)
n,n+1\q , Pn

0---0 ‘ Snt1.nt1(9™, Pot1)

with Si nt1, ..., Spt1,041 arbitrary smooth, Spi1 041 # 0. Can depend on
momenta.

Lifted system on T*M:
Hy fi(q", pr)
_ ([/(nJrl))fl
Hny1 for1(q"™, Pos1)

Integrable and separable by construction; can be iterated.
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Theorem 1: Eisenhart lift as a special case

Theorem (Kubi & Tempesta 2026)

The Riemannian Eisenhart lift is a special case of the Stackel lift.

Construction: given S(") and Stickel vector W = (W, ..., W,)T, take
a momentum-independent lift

" S(n) ="
L“”—[ Oﬁ") 1(")}, fo =3Pk k=1,.

2
n, fn+1 = Py-

ey

Result: the lifted Hamiltonians coincide with the Riemannian Eisenhart
lift,

VR CUR NPy

Momentum-independence of —W = purely geodesic (Riemannian)
Hamiltonians.
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Haantjes geometry and Stackel lifts

Theorem (Kubt & Tempesta 2026 — Main Theorem)

Let (Hi,...,Hy1) be a Stackel-lifted system with lift matrix £"*V(q, p) as
above (Sn+1,nt1 = Sn+17,,+1(q"+1)). There exists an associated w7 manifold,
whose Haantjes algebra 77 is generated by the semisimple operators

Ly
zlr

n+1

o ..,
Kj::Zﬁbjr<87q,®dq +

r=1

0

opr

)

® dpr>, Hjr =

Lj = cofactor of Lj- in the lifting matrix.

Crucial difference

If £ is momentum-dependent, the operators K; are non-projectable
along the fibers of T*M = they do not reduce to Killing tensors on the base.
Killing/Stackel geometry cannot see this structure — Haantjes geometry is
necessary to describe it.
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A concrete illustration: an integrable gravitational wave

Iterating the Stackel lift twice on a 2D free particle, with lifting matrix

0 1/2 0 0
1
co_ U2 g 0
0 o0 1 —pu
0 o0 0 1

yields the Platonic wave metric
ds? = (dx1)? + (dx?)? + 2(x?)? dt du — (x?)? d¢?,
with completely separable Hamiltonian and integrals

Hy = 3(p? +p3) + ﬁ(%pﬁ + PtPu)7 Ho=3p?, Hs=1L1p2+ptpu, Hs=3pi.

m wave fronts (u, t =const) are flat, yet R = —2/(x?)?: curved, non-Einstein, still

completely integrable and separable — rare for a Kundt spacetime;

m geodesics with p, = m, p; = E project to a particle on R? in the inverse-square
potential (%m2 + Em)/(x?)%;

m a candidate solution in f(R)-gravity, though not (in general) of Einstein’s
equations.
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Further applications

m Magnetic systems in cylindrical coordinates [cf. Kubi, Reyes,
Tempesta & Tondo 2024, Proc. R. Soc. A]: of the 3 classes
(depending on which of ¢, z is cyclic), only the simplest admits a
Stackel formulation without altering the dynamics; the other two
require a Lamé-coefficient correction }2 that modifies the
Hamiltonian. The Haantjes approach handles all three uniformly.

m Hamilton and Finsler geometries: momentum-dependent Stackel
lifts define momentum-dependent metrics on T*M (Hamilton
spaces), dual to Finsler/Lagrange spaces on TM — relevant to
Zermelo navigation, deformed relativity, quantum-gravity

phenomenology.
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Beyond the lift form — the Zernike hierarchy

Most Haantjes operators found in the literature are of lift form (block
structure B = 0), corresponding to separation reachable by an extended
point transformation (EPT). The non-projectable operators of the Main
Theorem are the exception.

[Kubii & Latini 2026, arXiv:2605.23748] on the generalized Zernike
hierarchy Hy = p? + p? + Y11 Yn(qup1 + q2p2)"™
m N = 2 (classical Zernike system) — solved: all Haantjes operators are

of lift form, giving DH coordinates for all 4 separation types (incl.
elliptic, Heun-class radial ODE) via an EPT;

m N > 3 — obstruction proved: no lift-form operator separates the
higher integral from angular momentum, so separation needs
genuinely momentum-dependent transformations;

m Open: the explicit momentum-dependent construction for N > 3.
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Summary

m Stdckel lift: unified lifting procedure extending the Eisenhart lift,
generating integrable and separable systems by construction; can be
iterated to build higher-dimensional models.

m Theorem 1: the Riemannian Eisenhart lift is a special
(momentum-independent) case of the Stackel lift.

m Main Theorem: every Stackel lift carries a symplectic-Haantjes
structure; momentum-dependent lifts produce non-projectable
Haantjes operators — a new class, not reducible to Killing tensors.

m Applications: cylindrical magnetic systems, Platonic/gravitational
waves, Hamilton—Finsler geometries.

Thank you!
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