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Classical geometrodynamics

Globally hyperbolic space-times

Foliation is seen as a smooth map in the space of hypersurface
deformations. We consider a reference hypersurface Σ0 and define a
smooth evolution Στ following a vector field

E (x , τ) = N(x , τ)n̂(x) + N⃗(x , τ),

where n̂ is normal to Στ , N⃗(x , τ) = N j(x , τ)t̂j(x) and t̂ is tangent to Στ .
Hence, the foliation is encoded in the local generators Dn and Dti

transforming Στ , which in space-time coordinates {X µ} read:

Dn := nµ(x) δ

δXµ(x) and Dti := ∂x i X µ(x) δ

δXµ(x) ,
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Classical geometrodynamics

Globally hyperbolic space-times II
and satisfy the closing relations

[Dn(x), Dn(x ′)] = hij(x)Dtj (x)δ,i(x , x ′) − (x ↔ x ′);

[Dti (x), Dn(x ′)] = Dn(x)δ,i(x , x ′);
[Dti (x), Dtj (x ′)] = Dti (x ′)δ,j(x , x ′) + Dtj (x ′)δ,i(x , x ′).

At each hypersurface (parametrized by τ) with metric
hjk(xτ ) = gjk(τ, xτ ), space-time coordinates define the lapse and the shift
vector fields

N = 1√
−g00

and
Nj = g0j .

Space-time metric becomes thus:

gµν =
(

−N2 + g jkNjNk Nk
Nj hjk

)
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With these elements, we can consider Einstein-Hilbert action

SG = 1
16πG

∫
M

dx4
√

−|g |
(

R(4) − Λ
)

,

where |g | is the metric determinant, R(4) is the Ricci scalar and Λ the
cosmological constant.

Using the foliation, we can re-write the action in the form

SG = 1
16πG

∫
dt

∫
d3xN

√
|h|(KjkK jk − K 2 + R − Λ),

where Kjk = Ln̂hjk = 1
2 N−1 (−∂thjk + ∇jNk + ∇kNj) is the extrinsic

curvature of the leaf Στ , K = hjkKjk , R is the Ricci scalar of h and ∇
represents the covariant derivative with the Levi-Civita connection of h.
Hence, we can define the associated field-momentum as

πjk = δSG
δhjk,0

= −
√

|h|
16πG (K jk − Khjk).
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Classical geometrodynamics II

Now
SG =

∫
dt

∫
d3x(πjk∂thjk − NH − N jHj),

where
H = Gjklmπjkπlm −

√
|h|

16πG (R − 2Λ)

Hj = −∇i(hikπjk)

are, respectively, the superhamiltonian and the supermomenta of the
theory and

Gjklm = 16πG√
|h|

(hjlhkm + hjmhkl − hjkhlm).
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Classical geometrodynamics III
A similar analysis leads to an expression of the action of a classical scalar
matter field as

SM =
∫

dt
∫

d3x(πϕ∂tϕ − NHM − N jHM
j ),

for πϕ the field-momentum, the superhamiltonian HM and the
supermomenta HM

j of the matter theory:

HM =
π2

ϕ

2
√

|h|
+

√
|h|
2

(
hjk∇jϕ∇kϕ + m2ϕ2)

,

HM
j = πϕ∇jϕ.

Combining both actions:

ST = SG + SM =
∫

dt
∫

d3x(πjk∂thjk + πϕ∂tϕ − NHT − N jHT
j ),

where HT = HG + HM and HT
j = HG

j + HM
j .
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Classical geometrodynamics IV
Dynamics is then obtained from the action as extremal points of the
variations with respect to the different variables:

Dynamical equations
▶ Variations with respect to the fields lead to equations which can be

combined in the form

δF (h, π, ϕ, πϕ) =
∫

dµ(x)
(
{F

(
h, π, ϕ, πϕ

)
, HT }δN(x) +

{F
(
h, π, ϕ, πϕ

)
, HT

j (x)}δN j(x)
)

,

where {·, ·} = {·, ·}G + {·, ·}M is the Poisson bracket defined as the
sum of the (compatible) canonical Poisson brackets defined on the
phase-spaces of gravitational and matter fields, respectively.

▶ Variations with respect to N and N j lead to the constraint equations:

HT = 0, HT
j = 0, ∀j .
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Classical geometrodynamics V

The superhamiltonians and supermomenta act therefore as Hamiltonian
generators of the transformation which the space-time foliation induces
on the sequence of fields phase-spaces.

Dirac algebra of constraints
Constraints must be preserved by the dynamical equations. This is
achieved by asking the Hamiltonian generators to close a Lie algebra
structure (that we will call Dirac algebra in the following) which reads:

{HT
x , HT

x ′} = Hj T
x ∂jδ(x , x ′) − Hj T

x ′∂jδ(x ′, x)

{HT
x , HT

jx ′} = HT
x ∂jδ(x , x ′)

{HT
jx , HT

kx ′} = HT
jx ′∂kδ(x , x ′) − HT

kx ∂jδ(x ′, x)

These are the same commutation relations of the hypersurface
deformations in the space-time foliation.
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Classical geometrodynamics VI

Path independence principle
The preservation of the (first class) constraints ensures the fulfillment of
the path independence principle for the deformation of the hypersurfaces
in the foliation: the evolution of a hypersurface Στ1 to a hypersurface Στ2

becomes independent of the choice of N, N j .
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A suitable Lie groupoid

The construction above is not unique since different embeddings of the
hypersurface in the space-time M are possible. In this 3+1 formalism, we
can recover the general covariance of GR by considering an adapted
version of the diffeomorphism group. In this new context, the system
must be invariant under the hypersurface deformations, parametrized by
the lapse and the shift vector fields:

D(N, N⃗) =
∫

Σ
d3x

N(x)

Dn︷ ︸︸ ︷
nµ δ

δX µ(x) +N j(x)

Dtj︷ ︸︸ ︷
∂x j X µ(x) δ

δX µ(x)

 .

The bracket relations among the constraints of general relativity are
identical to the bracket relations in the Lie algebroid of a groupoid
consisting of diffeomorphisms between space-like hypersurfaces in
spacetimes.
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A suitable Lie groupoid II

Deformation groupoid(Blohmann, Fernandes, Weinstein, 2013)

The set of hypersurface deformations D(N, N⃗) defines (the set of
morphisms) of a Lie groupoid, whose objects are the isometric
embeddings of hypersurfaces Σ in a Lorentzian manifold M.

Generators of the deformation define thus a Lie algebroid with the
bracket:

[D(N, N⃗), D(M, M⃗)] = D
(

N⃗(M) − M⃗(N) + divh(N⃗)M − divh(M⃗)N,

[N⃗, M⃗] + NgradhM − MgradhN
)

where (gradhN)j = hjk∂kN and divh(N⃗) = 1√
|h|

∂j

(√
hN j

)
.



Classical geometrodynamics

A suitable Lie groupoid II

Deformation groupoid(Blohmann, Fernandes, Weinstein, 2013)

The set of hypersurface deformations D(N, N⃗) defines (the set of
morphisms) of a Lie groupoid, whose objects are the isometric
embeddings of hypersurfaces Σ in a Lorentzian manifold M.

Generators of the deformation define thus a Lie algebroid with the
bracket:

[D(N, N⃗), D(M, M⃗)] = D
(

N⃗(M) − M⃗(N) + divh(N⃗)M − divh(M⃗)N,

[N⃗, M⃗] + NgradhM − MgradhN
)

where (gradhN)j = hjk∂kN and divh(N⃗) = 1√
|h|

∂j

(√
hN j

)
.



Classical geometrodynamics

A suitable Lie groupoid III
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A suitable Lie groupoid IV



QFT on a curved background



QFT on a curved background

QFT on a curved background



QFT on a curved background

QFT on a curved background



QFT on a curved background

QFT on a curved background



QFT on a curved background

Modelling classical fields

For each hypersurface Στ , consider the set of matter fields Mτ
M on the

hypersurface Στ . If we consider the corresponding cotangent bundles
T ∗Mτ

M , we have a time-dependent sequence of classical field theories.

Mathematically, we will model the fields using the space of test functions
of compact support on Σ, N = Cc(Σ) to define the differentiable
structure on the manifold and the corresponding dual space N ′ to model
our fields and their momenta. We also consider a rigged Hilbert space
structure

N = Cc(Σ) ⊂

H∆︷ ︸︸ ︷
L2(Σ, dVolh) ⊂ N ′.

We will use the notation ϕx to represent a test function ϕ ∈ N and ξx to
represent a distribution ξ ∈ N ′. Thus, ξx ϕx =

∫
dVolh(x) ξ(x)ϕ(x).
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Modelling classical fields

We define a complex structure on T ∗Mτ
M in order to quantize the

theory. This complex structure Jτ and the quantization mapping Qτ

depend on the geometry and the gravitational degrees of freedom.
Ashtekar & Magnon proved in 1975 that, for static space-times, the
complex structure can be determined using the Hamiltonian of the
classical field theory. In general, the definition of a suitable complex
structure is an open problem.

Hence, we model the classical field phase space using the set of
distributions N ′, and defining a suitable complex function on the space
N ′ × N ′. Within this framework, we will be able to define a suitable
Hilbert space to host the states of the quantum fields.
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Defining quantum states

Minlos theorem
There exists a unique Borel probability measure dµ on N ′

C satisfying that

C(ρ̄, ρ) =
∫

N ′
C

dµ(ϕ̄, ϕ)e i(ϕx ρx +ϕ̄x ρ̄x ) = e−ρ̄x ∆xy ρy

where ∆ is a Hermitian covariance form on Cc(Σ) and

ρ̄x ∆xy ρy =
∫

Στ

dVolh(x)dVolh(y)ρ̄(x)∆(x , y)ρ(y).

This result allows us to consider a well-defined Gaussian measure on the
space of classical fields on each hypersurface Στ and thus define the set
of pure quantum states of the matter field in the form

Hτ = L2(N ′
C, dµτ ).
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Defining quantum states II
Associated with the Hilbert space Hτ we can build the Segal
isomorphism

I : Hτ → ΓH∆ ⊗ ΓH∗
∆

which relates the Hilbert space with the (bosonic) Fock space constructed
on the space of 1-particle states H∆ by a unitary isomorphism of
Hilbert spaces. The isomorphism is built using the Wiener-Ito chaos
decomposition of the system, which, roughly speaking, generalizes
Hermite polynomials to the infinite dimensional realm.

Furthermore, Malliavin calculus allows to adapt to this framework, the
physical annihilation and creation operators in the form of Malliavin
(weak) derivative and Skorokhod integral.

Therefore, the chosen framework, even if not being the most frequent in
Physics, offers a consistent set of mathematical tools with a
straightforward physical meaning.
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QFT on a curved background

Bundle of quantum states
Notice that the construction above depends on the complex structure
chosen on Στ , and on the geometrical properties of its metric tensor and
therefore it defines different Hilbert spaces for each τ .

To build a differentiable structure on Hτ a suitable space of test
functions is chosen. It corresponds to the set of Hida test functions (N ).
Using another rigged Hilbert space (N ) ⊂ H ⊂ (N )′, states become a
subset of the space of Hida distributions (N )′.
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QFT on a curved background

Bundle of quantum states II
▶ Physical states become thus sections of a bundle F → B, whose

base manifold B corresponds to the foliation and the gravitational
degrees of freedom. Hence the model is τ–dependent.

▶ Notice that the description in terms of sections requires the addition
of a connection to describe the evolution. As the Hilbert space
measure depends on the gravitational degrees of freedom, the notion
of unitarity becomes Στ -dependent.

▶ The quantum state changes along the foliation because the
gravitational background does. The equations of motion for our
system must be written in terms of covariant derivatives, adding the
purely quantum evolution. The norm of the quantum state will be
thus preserved along the evolution.

▶ Analogously to the covariant differentiation of the states, we can
covariantly quantize classical functionals and define quantum
operators. In particular, we can quantize the superhamiltonian and
supermomenta of the classical matter theory.
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of a connection to describe the evolution. As the Hilbert space
measure depends on the gravitational degrees of freedom, the notion
of unitarity becomes Στ -dependent.

▶ The quantum state changes along the foliation because the
gravitational background does. The equations of motion for our
system must be written in terms of covariant derivatives, adding the
purely quantum evolution. The norm of the quantum state will be
thus preserved along the evolution.

▶ Analogously to the covariant differentiation of the states, we can
covariantly quantize classical functionals and define quantum
operators. In particular, we can quantize the superhamiltonian and
supermomenta of the classical matter theory.
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Bundle of quantum states III

A covariant section σ : B → F defines, at each fiber, a normalized
quantum state for each Hilbert space Hτ . Connection compensates the
changes in the Hilbert space structure along the evolution

∇X σ = 0.



QFT on a curved background

Bundle of quantum states IV

Analogously, other bundles can be considered to encode the different
tensorial objects of the theory (the complex structure Jτ , classical
magnitudes quantized to be defined on the Hilbert space Hτ , etc ).
Connection affects each tensor according to its nature:
▶ The complex structure is a (1, 1) tensor field

∇X Jτ = 0;

▶ A classical magnitude f ∈ C∞(T ∗MM) defines, by quantization, a
linear operator on Hτ :

∇X Qτ (f ) = 0
▶ ...



QFT on a curved background

A Poisson structure
Considering the differentiable structure provided by Hida test functions
(N ) as a nuclear-Frèchet space, we can give a meaning to the derivative

δ

δΨ; Ψ ∈ (N ).

Considering, for the sake of simplicity, holomorphic quantization with
coordinates (Ψ̄, Ψ) and using again a rigged Hilbert space

(N ) ⊂ H ⊂ (N )′,

quantum operators can be represented by their expectation value
functions on H:

fA(Ψ̄, Ψ) =
∫

H
dµ(Ψ, Ψ̄)Ψ̄ÂΨ,

where Â is a quantum linear operator on the Hilbert space H with dense
domain OD(H).
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A Poisson structure II
Then, given two operators A, B ∈ OD(H), we can define a canonical
Poisson bracket structure on the space of sesquilinear functions as:

{fA, fB}Q = δfA
δΨ̄

δfB
δΨ − δfB

δΨ̄
δfA
δΨ = f[A,B],

where [A, B] := −i(AB − BA).

Hamiltonian vector field
Given a function fA, we define the Hamiltonian vector field associated
with A to

XA = {·, fA}Q .

Quantum Kähler structure
On the space of quantum states there exists a Kähler structure having
{·, ·}Q as Poisson tensor.
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QFT on a curved background

Dynamics

How do we define dynamics of the quantum state? The evolution is
defined as a dynamical equation on the space quantum states resulting of
the evaluation of covariant sections of σ : B → F , where
σ(τ) = (ξτ , Ψτ ):

Generalized Schrödinger equation
Dynamics is defined by a generalized Schrödinger equation:

∇τ Ψτ = ∂τ Ψτ − Γ(∂τ )Ψτ = − i
ℏ

Ĥτ Ψτ = − i
ℏ

XHΨτ .

where Γ represents the connection one-form and encodes the dependence
of the section σ on the geometrical degrees of freedom.
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Application: KG on a FLRW background

If we consider a quantum scalar field evolving on a (fixed) FLRW metric,
the Schrödinger equation becomes, for a the scale factor, M the mass
scaled by a and Volk the volume:

i
[

∂t + ȧ
a ϕy

(
2 − M2

2(M2 − ∇2)

)x

y
∂ϕx

]
Ψ =

ȧa3
[
Volk

(
1
2 + M2

4(M2 − ∇2)

)
1√

M2 − ∇2

]xy

∂ϕx ∂ϕy Ψ

− ȧ
a3

[
1

Volk

(
1
2 + M2

4(M2 − ∇2)

) √
M2 − ∇2

]
xy

ϕx ϕy Ψ

+ 1
a ϕx

(√
M2 − ∇2

)y

x
∂ϕy Ψ.
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Hybrid geometrodynamics

New framework

Our goal is to adapt the ideas of classical geometrodynamics to a
framework where classical matter fields are replaced by quantum ones. In
order to do that we need:

▶ A differentiable structure and a Poisson bracket on the space of
quantum fields, compatible with the gravitational Poisson bracket

▶ Defining the generators of the deformations of the set of quantum
fields by quantizing the generators of the classical theory (but
remember that quantization is leaf-dependent!)

HM 7→ Qτ (HM); HM
j 7→ Qτ (HM

j )

▶ Build the brackets of the generators and verify that they close the
same Dirac algebra as their classical counterparts
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Quantizing matter super-magnitudes

Notice that classical supermagnitudes are at most quadratic in field
momenta:

HM =
π2

ϕ

2
√

|h|
+

√
|h|
2

(
hjk∇jϕ∇kϕ + m2ϕ2)

,

HM
j = πϕ∇jϕ.

Furthermore, the quantization mapping is assumed to satisfy

∇ξ⃗Qτ (f ) = Qτ (ξj∂j f ),

where ξ⃗ represents a vector field on the base manifold B, which may
change the leaf and the gravitational degrees of freedom. This implies a
compatibility condition of the connection and the quantization mapping.
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Hybrid Dirac algebra
Using the covariant sections of the bundle F to represent quantum
states, we can try to write a representation of the Dirac algebra of
constraints of classical geometrodynamics but using the quantum degrees
of freedom. Consider that:

▶ Classical matter supermagnitudes depend on the field momenta πϕ

at most quadratically.
▶ Classical supermagnitudes define a representation of Dirac algebra.
▶ The quantization mapping Qξ and the quantum connection satisfy

∇ξ⃗Qξ(f ) = Qξ(ξj∂j f ).

▶ In the space of sections of the bundle F , we consider as possible
quantum states just the values of covariant sections σ : B → F with
respect to the quantum connection

Ψξ = σ(ξ); ξ ∈ B.
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Hybrid Dirac algebra II
In this situation, consider the quadratic functions

HM
Q = ⟨Ψξ, Qξ(HM)Ψξ⟩; HM

jQ = ⟨Ψξ, Q(HM
j )Ψξ⟩,

and with them, the corresponding hybrid functions:
HH

Q = HG + HM
Q ; HH

jQ = HG
j + HM

jQ .

Hybrid Dirac algebra
Generators HH

Q and HH
jQ satisfy the Dirac algebra with Poisson bracket

{·, ·}H = {·, ·}G + {·, ·}Q .

This implies that fixing constraint equations on the sections of F

HH
Q = 0 = HM

jQ

defines a set of dynamical equations which reproduce General Relativity
with quantum matter sources.
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Hybrid evolution equation

Hybrid dynamical equations

d
ds Ψ = {Ψ, fH}Q + {Ψ, fH}G + Ṅx ∂Nx Ψ + Ṅ ix ∂N ix =(

− i
ℏ

Ĥ(h, N(s), N⃗(s)) − {hjk;x , fH}G Γ̂hjk;x − Ṅx Γ̂Nx − ˙⃗Nx Γ̂N⃗x

)
Ψ;

d
ds hjk(x) = {hjk , fH}G = 2N(x)Gjklmπlm(x) + 2(DjN l)hlk ;

d
ds πjk(x) = {πjk , fH}G = −∂hjk (x)HG −

〈
Ψ|Q

(
∂hjk (x)HM)

Ψ
〉

.
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Conclusions and Outlook

▶ We have designed a formalism for a mathematically consistent
description of a quantum scalar field on an arbitrary background
defined on a globally hyperbolic space-time where
▶ States of the system are modelled in a 3+1 formalism Schrödinger

formalism with a well-defined Gaussian measure to define the scalar
product, which may depend on the spatial hypersurface where the
quantum functionals are defined. This defines a bundle of Hilbert
spaces.

▶ This framework requires the introduction of a connection on the
bundle of quantum (hybrid) states, which defines covariant geometric
objects to represent states, observables and geometric structures.

▶ Evolution of quantum states is implemented by a generalized
Schrödinger equation using covariant derivatives. Normalization of
the quantum state is preserved along the evolution by construction.

▶ This formalism can be written in geometrical terms considering a
canonical Kähler structure.
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Conclusions and Outlook II

▶ This formalism can be coupled with a dynamical gravitational field
▶ The construction generalizes classical geometrodynamics replacing

the classical matter sources by a quantum version based on the
geometrical description of quantum states.

▶ Hybrid dynamics become thus a non-linear theory due to the classical
terms.

▶ Dynamics of the gravitational field suffers the back-reaction of the
quantum matter via the expectation value of the gradient of the
quantized superhamiltonian.

▶ Dynamics of the quantum fields are defined by a covariant
Schrödinger equation defined on the sections of the state bundle.

▶ With this, we constructed a consistent QFT theory which evolves
coupled to a classical gravitational field which has the quantum field
as matter source.

▶ We are currently working in the extension of this formalism to
fermionic and gauge fields.



Thanks for your attention!
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