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COURSE PROGRAMME

@ First lecture: Introductory remarks. Previous geometric
background.

© Second lecture: Multisymplectic Lagrangian field theory.
© Third lecture: Multisymplectic Hamiltonian field theory.

@ Fourth lecture: Symmetries. Gauge symmetries. Conservation
laws.
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INTRODUCTION

INTRODUCTION

The first attempt to develop a finite-dimensional covariant Hamiltonian
formalism for field theories was made in the 1930s by T. de Donder and
H. Weyl, giving rise to the so-called de Donder-Weyl approach.

Starting from a Lagrangian function L(X“,yA,ylf), they defined a
Legendre transformation, introducing the multimomenta coordinates in
the multimomentum phase space,

oL
Py

= —,
ay},
in which the corresponding variational principle leads to the

(Hamilton)-de Donder—Weyl equations,
dy'  OH opl’ _ OH

IxH aip,” T OxH oy’

@ T. de Donder, Théorie invariantive du calcul des variations.
Gauthier-Villars, Paris, 1935.

@ H. Weyl, “Geodesic fields in the calculus of variation for multiple
integrals’, Ann. Math. 36(3) (1935) 607-629.
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INTRODUCTION

The de Donder—Weyl formalism was initially hindered due to the lack of a
definition of Poisson brackets and, as a consequence, of a good treatment
of constraints in singular field theories and of a method of quantization.

Instead, in theoretical physics, Hamiltonian field theories are usually
studied using the canonical Hamiltonian formalism which arises from
performing a space-+time splitting in the base manifold M.

This breaks the covariance exhibited in the Lagrangian formalism and
originates infinite-dimensional Lagrangian and Hamiltonian descriptions.

However, in this way, the Dirac-Bergmann constraint analysis can be
applied for Hamiltonian singular field theories and, furthermore, this
formalism gives a method for performing canonical quantization.

@ M. de Ledn, D. Martin de Diego, A. Santamaria, “Symmetries in classical
field theory”, Int. J. Geom. Meth. Mod. Phys. 1(5) (2004) 651-710.

@ M.J. Gotay, “A multisymplectic framework for classical field theory and the
calculus of variations. Il. Space+time decomposition”, Dif. Geom. Appl. 1
(1991) 375-390.

@ M.J. Gotay, J. Isenberg, J.E. Marsden, R. Montgomery, “Momentum maps
and classical relativistic fields II: Part Il: Canonical analysis of field
theories”, arXiv:math-ph/0411032 [math-ph] (2004). 4/28



INTRODUCTION

Later on, another Lorentz covariant Hamiltonian formalism was
developed, first by C. Crnkovi¢ and E. Witten, and soon after, generalized
by J. Lee and R.M. Wald, who constructed a covariant phase space in
which the canonical formulation is carried out without doing a
space-+time splitting.

@ C. Crnkovi¢, E. Witten, “Covariant description of canonical formalism in
geometrical theories”, in Three Hundred Years of Gravitation, Cambridge
University Press, Princeton, 1987, 676-634.

@ J. Lee, R.M. Wald, “Local symmetries and constraints”, J. Math. Phys.
31(3) (1990) 725-743.

This covariant phase space is an infinite-dimensional (pre)symplectic
manifold, and we can carry out the Gotay—Nester—Hinds constraint
algorithm, which is equivalent to the Dirac—-Bergmann constraint
analysis, and perform a quantization method.

However, the development in the last decades of geometric methods for
field theories (multisymplectic, polysymplectic, k-(co)symplectic
formulations), caused the interest in the de Donder-Weyl approach,

which is a finite-dimensional covariant formalism, to return forcefully.
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INTRODUCTION

This lecture is devoted to do a geometric presentation of the covariant
Hamiltonian formalism of first-order multisymplectic classical field
theories based on the de Donder—Weyl approach:

First, we introduce the multimomentum bundles and their geometric
structures.

Second, the multisymplectic Hamiltonian formalism is developed and, in
particular, the Hamiltonian formalism associated with regular and
singular (almost-regular) Lagrangian systems.

@ J.F. Carifiena, M. Crampin, L.A. Ibort, “On the multisymplectic formalism
for first order field theories”, Diff. Geom. Appl. 1(4) (1991) 345-374.

@ M. de Ledn, J. Marin-Solano, J.C. Marrero, “A geometrical approach to
Classical Field Theories: A constraint algorithm for singular theories”,
Proc. New Develops. Diff. Geom., L. Tamassi-J. Szenthe eds., Kluwer
Acad. Press, (1996) 291-312.

@ A. Echeverria-Enriquez, M.C. Mufioz-Lecanda, N. Roman-Roy,
“Multivector field formulation of Hamiltonian field theories: Equations and
symmetries’, J. Phys. A: Math. Gen. 32 (1999) 8461-8484.

@ N. Roman-Roy, “Multisymplectic Lagrangian and Hamiltonian formalisms
of classical field theories", Sym. Integ. Geom. Meth. Appl. 5 (2009) 100.

6 /28



INDEX

© INTRODUCTION

© MULTIMOMENTUM BUNDLES
@ Extended multimomentum bundle
@ Canonical structure

@ Restricted multimomentum bundle

e MULTISYMPLECTIC FIELD THEORIES
@ The regular case: multisymplectic Hamiltonian field theories
@ Variational principle. Hamiltonian field equations
@ Hamiltonian formalism for regular Lagrangian field theories
@ The singular case: premultisymplectic Hamiltonian field theories

@ Hamiltonian formalism for singular Lagrangian field theories

@ EXAMPLE

@ Maxwell's electromagnetism



MULTIMOMENTUM BUNDLES EXTENDED MULTIMOMENTUM BUNDLE

MULTIMOMENTUM BUNDLES

EXTENDED MULTIMOMENTUM BUNDLE

Let m: E — M be a fiber bundle; dm M =m, dmE = n+ m.
Coords. on E adapted to the bundle: (x*,y4), 1< u<m 1<A<n.

The extended multimomentum bundle is the bundle of m-forms on E
vanishing when contracting with two w-vertical vector fields,

Mm = NJTE .

The natural projections are
oo Mr—E |, o Mr—>M.

PROPOSITION 2.2

Mm = NJT*E is canonically isomorphic to Aff(J*m,R) (the affine maps
from the f/bers of tt: J'r — E onto R).
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MULTIMOMENTUM BUNDLES EXTENDED MULTIMOMENTUM BUNDLE

C AL E
R IENTUM BUNDLE

Natural coordinates in M7 adapted to the bundle structure are

(x*, yA, ph, p); hence dim Mm = nm + n+ m+ 1. They are defined as
follows: Let y € Mm = AJT*E, with y 75 y " x; then y = (y,&),
where y € E and £ € AJ'T}E whose expression in a natural chart of E is

€= Medy* Ad™ I, + Ad™x .

H m,, — 8 8 m— L — m
Then, if 0"x = %/\”./\8)(7’" and 9™~ 1xt :L(dx”)@ X, we have:

Xy)=x"y) . ) =y,
~ m ¥t 8 m— 4
PIY=EO™) = Pa) =&(5, 2 ") = M
and a(x*, y*, ps, p) = (x*,y?) and 5(x*, y*, pi, p) = (x*).

Observe also that, considering the bundle 7t: J'7m — E, if y € E, an
affine map Jjm — R is given by

v Moyl a

The coordinates p/y are called multimomentum coordinates.
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CANONICAL STRUCTURE

As M is a bundle of forms, it is endowed with a canonical form:

The canonical or tautological form © € 27(M) is defined as follows:
ify = (y,§) € N'T*E; then, for every Zi, ..., Z, € Ty(Mm),
O3(Z1,. .., Zm)) = &(y: Ty(o 0 p)(Z1), - -, Ty(o 0 p)(Zm)) -

Therefore, we define _
Q= —-de € ™Y M) .

They are known as the multimomentum Liouville m and
(m + 1)-forms,

PROPOSITION 2.4

Qisa multisymplectic form (and (M, S~2) is a multisymplectic manifold).

Their local expressions are

© = pl'dy' Ad™ Ix,4+pd™x , Q= —dptAdy Ad™ x, —dpAdTx.
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RESTRICTED MULTIMOMENTUM BUNDLE

Let AT'T*E be the bundle of wsemibasic m-forms on E (those vanishing
when contracting with one m-vertical vector field). The restricted
multimomentum bundle is defined as the quotient

Sr* = Ma/ANTT*E .

The natural projections are depicted in the following diagram

M S
\ . /
7 Wl T
M

In natural coordinates of E, the elements of AJ'T*E and A"T*E have

the local expressions pﬁdyA Ad™1x, + pd™x and pd™x, respectively;

so, natural coordinates in J'7* are (xH, yA, ph).

Hence dim J'7* = nm + n+ m = dim J'7. 1 )2
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MULTISYMPLECTIC FIELD THEORIES

THE REGULAR CASE: MULTISYMPLECTIC HAMILTONIAN FIELD THEORIES

Sections h: J'1* — M of p are called Hamiltonian sections.
A Hamiltonian section is locally given by
h(x*,y' pl') = (x*,y", pl', p = —H(x",y", p})) ,
where H is the associated local Hamiltonian function, sometimes called
de Donder—Weyl Hamiltonian function.

Hamiltonian sections allow us to define Hamiltonian field theories:
The Hamilton—Cartan forms on J17* associated with h are
On :=h"0 = p’dy’ A d™x, — Hd™x € Q"(J'7*) ,
Qp = —dOy = h*Q = —dp* Ady' Ad™tx, +dHAA™x € Q™ (Ja*) .

Qu is a multisymplectic form in J'7*, and (J*7*, Q) is said to be a
regular or multisymplectic Hamiltonian system.
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VARIATIONAL PRI
MULTISYMPLECTIC FIELD THEORIES HAMILTONIAN

T INCULAR C/

HAMILTONIAN FORN

VARIATIONAL PRINCIPLE AND HAMILTONIAN FIELD EQUATIONS

DEFINITION 3.3 (HAMILTON—JACOBI VARIATIONAL PRINCIPLE)

Let (J*n*,Qy) be a Lagrangian system and ['(T) the set of sections of 7.
Consider the following functional:
H:[(7) — R

Yr— Y Oy, .
DcM
Then, the Hamilton—Jacobi variational problem for the Hamiltonian
system (J'7*, Q) is the search for the critical (or stationary) sections of
the functional H with respect to the variations of 1 given by v; = p; o,
where {p:} is a local 1-parameter group of any compact-supported
T-vertical vector field Z € XV(?)(le*); that is,

/w:ehzo.
t=0 /p

The corresponding Hamiltonian field equations derived from this
variational principle can be stated in several alternative ways:

<
dt
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VARIATIONAL PRINCIPLE. HAMILTONIAN FIELD EQUATION

MULTISYMPLECTIC FIELD THEORIES HAMILTONIAN FORM R LACRANCIAN FI
THE SINCULAR

HAMILTONIAN FO

The following assertions on a section 1) € I'(T) are equivalent:

@ The section 1) is critical for the Hamilton—Jacobi variational problem.
© 1 is a solution to the Hamiltonian field equations for sections:

Y u(X)Qn =0 ; for every X € X(J 7). (1)
@ 1 is an integral section of a class of T-transverse locally decomp.

multivector fields, {Xn} C X™(J 7*), whose elements are solutions
to the Hamiltonian field equations for multivector fields:

L(Xn)m =0 . (2)

Q@ 1 is an integral section of an Ehresmann connection Vy, in J'7*
which is a solution to the Hamiltonian field eqs. for connections:

L(vh)Qh = (m - 1)Qh . (3)
@ 4 is a solution to the Hamilton-de Donder-Weyl equations:
Ay’ o OH a(p! o oH
M:jw Rt w)?ﬁw. ()
OxH op: OxH dy
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THE SINGULAR
HAMILTONIAN FORM

In natural coordinates of Jm*, if 1(x) = (x*, y"(x), Pla(x)), then:

@ Using the local expressions in Def. 3.2, equation (1) reads as (4)
(the Hamilton-de Donder-Weyl equations).

@ The local expressions of a 7-transverse loc. decomp. multivector
field and its associated Ehreshmann connection are

Xh:/ni<i+FAi+G£ 6),

OxH HoyA " opl
0 0 0
— " A P .
Vh = dx* @ (8xﬂ R +GA“8pﬁ) :

Then, from (2) and (3) we get

p=1

FA — 87H [ _67H_
I apﬁ ’ Ap 8yA
o If Xy, and V, are integrable, then the equations for their integral
sections
Oy oy) _ L a opaot) _
T eV e = omey

lead to the Hamilton-de Donder-Weyl equations (4).
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HAMILTONIAN FORMALISM FOR REGULAR LAGRANGIAN FIELD THEORIES

Let (J*n,Q.) be a Lagrangian system.

o The extended Legendre map FL: J'rw — Mm, associated with L
is defined as follows: if y € J', then

FLG) =y = (7'(7),€) € M,
such that, for every Zy,...,Z, € TyJ'n, then
E(Tyn(Zh), ..., Tym (Zm)) = (OL)y(Z, - - -, Zm)s
e The restricted Legendre map FL: J*n — J'n* associated with L
FL:=poFL.

Their local expressions are:

— % —k . — % L — % . JL
FL xtP=xt FL y'=y', FL pf‘—a—i, FL sz—yLai,
ay,, oL ay,,

FLx! =xt, FLYY =y, FLP = ——.

ay},

16 / 28
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>TIC HAMILTONI/
R LACRANCIAN F

PROPOSITION 3.6
The Lagrangian L is regular if, and only if, FL is a local diffeomorphism.

The Lagrangian L is hyperregular if F L is a global diffeomorphism.

Then, h:= FL o FL s a (local) Hamiltonian section

M
FL ; H N
FL
S S
and we can define the corresponding Hamilton-Cartan forms ©y, and Q.

We have:
FLO=FL0n=0r, FL Q=FL'Qn=Qr , Er = FL*H .

The pair (J*7*,Qy) is the Hamiltonian system associated with the
regular Lagrangian system (J'7,Q.).

/28
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VARIATIONAL PRI

MULTISYMPLECTIC FIELD THEORIES HAMILTONIAN FOR!
THE SINCULAR C/
HAMILTONIAN FORN

THEOREM 3.9 (EQUIVALENCE THEOREM )

Let (J*m,Q.) be a (hyper)regular Lagrangian system and (J'7*,Qy,) the
associated Hamiltonian system.

o If ¢ € [(w) is a solution to the Hamilton variational problem, then
= FLoj ¢ € [(7) is a solution to the Hamilton—Jacobi problem.
Conversely, if 1 is a solution to the Hamilton—Jacobi problem, then
¢ = T o) is a solution to the Hamilton problem.

e The holonomic multivector fields and connections solutions to the
Lagrangian field equations are F L-related with the multivector fields
and connections solutions to the Hamiltonian field equations (i.e.;
their associated distributions in J*m and J'7* are FL-related).

18 /28



VARIATIONAL PRI
MULTISYMPLECTIC FIELD THEORIES HAMILTONIAN F

Singular Hamiltonian systems in field theory are defined on submanifolds
9o Py — Jl7*, fibered over E and M.

The Hamilton—Cartan forms on P, are obtained using Hamiltonian
sections to define Hamiltonian maps h, = h o j,: P, — M,

> =h0ecN™P,) , Qf=-dO;=h Qe m(P).

(P, 2 is a singular or premultisymplectic Hamiltonian system.

19 /28
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THE SINGULAR CASE: PREMULTISYMPLECTIC HAMILTONI/
HAMILTONIAN FORMALISM FOR SINCULAR LACRANCIAN F

The Hamilton—Jacobi variational principle for (P,,€;) is stated as in the
regular case, but for sections 1,: M — P,. Then, the corresponding
Hamiltonian field equations read:

Q ’L/)O*L(XO) b =0, for every X, € X(P,).
Q@ (X)) =0, for Xy € X™(P,).
Q@ (V})Qp = (m—1)Qg, for Ehresmann connections V. on Ps.

For premultisymplectic Hamiltonian system, in general, these Hamiltonian
field equations are not compatible on P,. In the best situations, they
have consistent solutions on a final constraint submanifold P < P,,
which is obtained by using a suitable constraint algorithm, like in the
Lagrangian case:

Pres . ovnn. < Py < Py Jio* .

Then, sections solution to the field equations have their images on Pr
and the distributions associated with multivector fields and connections
solution to the corresponding field equations are tangent to Pr.
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HAMILTONIAN FORMALISM FOR SINGULAR LACRANCIAN F

HAMILTONIAN FORMALISM FOR SINGULAR LLAGRANGIAN FIELD THEORIES

Let (J*m,Q.) be a Lagrangian system. The Lagrangian L (and the
Lagrangian system) is said to be almost-regular if:
o A = ]?Z(le) is a submanifold of M, with natural embedding
Jo: Po = M.
© FL is a submersion onto its image

© For every y € J'x, the fibers ,7-"2 (]-'E( )) C J 1w are connected.

v

PROPOSITION 3.12

If L is an almost-regular Lagrangian then:
Q P, := FL(J n) is a submanifold of J*7*, 30: Py < Jin* (primary
constraint submanifold in Dirac’s terminology).
© FL is a submersion onto its image.
© For every y € Jm, the fibers Fﬁfl(}"ﬁ(_)) C J m are connected.

@ The restriction of p: Mm — J*7* to Po, Po: P — P, is a
diffeomorphism.
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HAMILTONIAN FORMALISM FOR SINCULAR LACRANCIAN F

Let FL, be the restriction map of FL onto P, given by FL = j, o FL.
Let FL, be the restriction map of FL onto P, given by FL = 3, 0 FL,.
Taking h := p-1, we have the Hamiltonian map h =7, oh.

M

=i / i

I - *

h /

The corresponding Hamilton—Cartan forms are
O :=hi0c™P,) , Q:=-d6;=hQe 2™(P,)
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CTIC HAMILTONI/
HAMILTONIAN FORMALISM FOR SINGULAR LAGRANGCIAN F

They verify that
FLOy =0Or , FLIXY =9,

and there exists a de Donder—Weyl Hamiltonian function
H, € C*°(P,) such that Ex = FL:H,.

(Ps,23) is the premultisymplectic Hamiltonian system associated
with the premultisymplectic Lagrangian system (J'7, Q).

Equivalence: For the Lagrangian and Hamiltonian constraint algorithms:

Sf _ ... E—— 51 E— _]171-
FL ]—"Ell ]—"Eol \fﬁ
Py e - Py - P, - Jig*

The Equivalence theorem is stated like in the regular case (Theor. 3.9);
but now sections solution to the Lagrangian and Hamiltonian field egs.
have their images on S and Py, respectively; and the distributions

associated with m.v.f. and connections solution are tangent to S¢ and Pf.23/28
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EXAMPLE

MAXWELL'S ELECTROMAGNETISM

Multisymplectic Hamiltonian setting:

Spacetime Minkowskian manifold (M, n): coordinates (x*), u=10,1,2,3.

Configuration bundle m: E — M, E = M x A}(M)
(AY(M) one-form potentials on M): coordinates (x*, A,,).

Multivelocity phase bundle J*w: coordinates (x*, A, A.).
Extended multimomentum bundle J'm: coordinates (x*, A,, p"*, p).
Restricted multimomentum bundle J**: coordinates (x*, A,, p**).
1
Maxwell's Lagrangian function: L(x*,A,, Au) = _TFW FHY — A, JY

where F,, = A, — Ay It is singular (almost-regular) because

2L
_ v pBi _ panpBy
DAz0A,, T T
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EXAMPLE

Restricted Legendre map FL: J'm — Jim*,
oL 1

FLp = o7 = —M—F‘“’ . (5)
g o

where coordinates p"¥ have the same properties as F*¥ (skew-symmetry).

Primary constraint submanifold P, = FL(J'7), given by the constraints
CHi=ptt =0 |, (M =pt g pih =0 .
Coordinates (x*, A, p""), > v.

Hamiltonian section h: P, — M It is given by the de Donder—Weyl—-
Hamiltonian function (for the freee coordinates p*” in P,):

H, = —%pwpw ALY € CF(P,) .
Hamilton—Cartan forms:
00 = phvdA, A d3x, + (%pu,,p‘“’ - AaJ"‘)d“x ,
Q0 = —dp"™ AdA, Adx, — %pwdpﬂ" Ad*x + J7dA, A d*x .
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MAXWELL’S ELECTROMAGNETISM
EXAMPLE

Field equations (for m.v.f.): For locally decomposable 7!-transverse
multivector fields X = Xo A - -+ A X3 € X*(P,), where
0 0 ap O
+

Xy = o 4 Dyym ,
e Ly WL EoY:
equation (2) gives
U(Xn)QP = (HI + J¥)dA, — (DW + %puy)dp‘“’ :

which, using the skew-symmetry of p¥, leads to
(Dyw — Do) + poppy =0, Hi" +J7 =0 (M
For the integral sections of X}, we have
D = 0,A, . HP =0,p""

then, equations (7) lead to the Hamilton—-de Donder—Weyl equations
which, using F,, = 0,A, — 0, A, and the Legendre map (5), read as:

Fuo = —tioppy , —0up*" =J" = O, F* =pJt" . (8)
The first egs. (8) are the first pair of Maxwell egs. (field constitutive
egs.), and the second egs. (8) are the (second pair of) Maxwell equations.

Egs. (7) are compatible on P,; so no constraint algorithm is needed. 26/ 28
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