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1 First lecture: Introductory remarks. Previous geometric
background.
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3 Third lecture: Multisymplectic Hamiltonian field theory.
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laws.
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Introduction

The first attempt to develop a finite-dimensional covariant Hamiltonian
formalism for field theories was made in the 1930s by T. de Donder and

H. Weyl, giving rise to the so-called de Donder–Weyl approach.
Starting from a Lagrangian function L(xµ, yA, yA

µ ), they defined a
Legendre transformation, introducing the multimomenta coordinates in

the multimomentum phase space,

pµi =
∂L

∂y i
µ

,

in which the corresponding variational principle leads to the
(Hamilton)–de Donder–Weyl equations,

∂y i

∂xµ
=

∂H

∂pµi
,

∂pµi
∂xµ

= −∂H
∂y i

.

T. de Donder, Théorie invariantive du calcul des variations.
Gauthier-Villars, Paris, 1935.
H. Weyl, “Geodesic fields in the calculus of variation for multiple
integrals”, Ann. Math. 36(3) (1935) 607–629.
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The de Donder–Weyl formalism was initially hindered due to the lack of a
definition of Poisson brackets and, as a consequence, of a good treatment
of constraints in singular field theories and of a method of quantization.

Instead, in theoretical physics, Hamiltonian field theories are usually
studied using the canonical Hamiltonian formalism which arises from

performing a space+time splitting in the base manifold M.
This breaks the covariance exhibited in the Lagrangian formalism and

originates infinite-dimensional Lagrangian and Hamiltonian descriptions.
However, in this way, the Dirac–Bergmann constraint analysis can be
applied for Hamiltonian singular field theories and, furthermore, this
formalism gives a method for performing canonical quantization.
M. de León, D. Martín de Diego, A. Santamaría, “Symmetries in classical
field theory”, Int. J. Geom. Meth. Mod. Phys. 1(5) (2004) 651–710.
M.J. Gotay, “A multisymplectic framework for classical field theory and the
calculus of variations. II. Space+time decomposition”, Dif. Geom. Appl. 1
(1991) 375–390.
M.J. Gotay, J. Isenberg, J.E. Marsden, R. Montgomery, “Momentum maps
and classical relativistic fields II: Part II: Canonical analysis of field
theories”, arXiv:math-ph/0411032 [math-ph] (2004). 4 / 28
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Later on, another Lorentz covariant Hamiltonian formalism was
developed, first by C. Crnković and E. Witten, and soon after, generalized

by J. Lee and R.M. Wald; who constructed a covariant phase space in
which the canonical formulation is carried out without doing a

space+time splitting.
C. Crnković, E. Witten, “Covariant description of canonical formalism in
geometrical theories”, in Three Hundred Years of Gravitation, Cambridge
University Press, Princeton, 1987, 676–684.
J. Lee, R.M. Wald, “Local symmetries and constraints”, J. Math. Phys.
31(3) (1990) 725–743.

This covariant phase space is an infinite-dimensional (pre)symplectic
manifold, and we can carry out the Gotay–Nester–Hinds constraint
algorithm, which is equivalent to the Dirac–Bergmann constraint

analysis, and perform a quantization method.
However, the development in the last decades of geometric methods for

field theories (multisymplectic, polysymplectic, k-(co)symplectic
formulations), caused the interest in the de Donder-Weyl approach,

which is a finite-dimensional covariant formalism, to return forcefully.
5 / 28
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This lecture is devoted to do a geometric presentation of the covariant
Hamiltonian formalism of first-order multisymplectic classical field

theories based on the de Donder–Weyl approach:
First, we introduce the multimomentum bundles and their geometric

structures.
Second, the multisymplectic Hamiltonian formalism is developed and, in

particular, the Hamiltonian formalism associated with regular and
singular (almost-regular) Lagrangian systems.

J.F. Cariñena, M. Crampin, L.A. Ibort, “On the multisymplectic formalism
for first order field theories”, Diff. Geom. Appl. 1(4) (1991) 345–374.
M. de León, J. Marín-Solano, J.C. Marrero, “A geometrical approach to
Classical Field Theories: A constraint algorithm for singular theories”,
Proc. New Develops. Diff. Geom., L. Tamassi-J. Szenthe eds., Kluwer
Acad. Press, (1996) 291-312.
A. Echeverría-Enríquez, M.C. Muñoz-Lecanda, N. Román-Roy,
“Multivector field formulation of Hamiltonian field theories: Equations and
symmetries”, J. Phys. A: Math. Gen. 32 (1999) 8461–8484.
N. Román-Roy, “Multisymplectic Lagrangian and Hamiltonian formalisms
of classical field theories", Sym. Integ. Geom. Meth. Appl. 5 (2009) 100. 6 / 28
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Extended multimomentum bundle
Canonical structure
Restricted multimomentum bundle

Multimomentum bundles

Extended multimomentum bundle

Let π : E −→ M be a fiber bundle; dimM = m, dimE = n +m.
Coords. on E adapted to the bundle: (xµ, yA), 1 ⩽ µ ⩽ m, 1 ⩽ A ⩽ n.

definition 2.1

The extended multimomentum bundle is the bundle of m-forms on E
vanishing when contracting with two π-vertical vector fields,

Mπ := Λm
2 T∗E .

The natural projections are

σ : Mπ → E , σ̄ : Mπ → M .

Proposition 2.2

Mπ ≡ Λm
2 T∗E is canonically isomorphic to Aff(J1π,R) (the affine maps

from the fibers of π1 : J1π → E onto R).
8 / 28
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Extended multimomentum bundle
Canonical structure
Restricted multimomentum bundle

Natural coordinates in Mπ adapted to the bundle structure are
(xµ, yA, pµA, p); hence dimMπ = nm + n +m + 1. They are defined as
follows: Let ỹ ∈ Mπ = Λm

2 T∗E , with ỹ
σ−→ y

π−→ x ; then ỹ = (y , ξ),
where y ∈ E and ξ ∈ Λm

2 T∗
yE whose expression in a natural chart of E is

ξ = λµAdyA ∧ dm−1xµ + λ dmx .

Then, if ∂mx ≡ ∂

∂x1 ∧ · · · ∧ ∂

∂xm
and ∂m−1xµ ≡ ι

(
dxµ

)
∂mx , we have:

xµ(ỹ) = xµ(y) , yA(ỹ) = yA(y) ,

p(ỹ) = ξ(∂mx) = λ , pµA(ỹ) = ξ
( ∂

∂yA
∧ ∂m−1xµ

)
= λµA ;

and σ(xµ, yA, pµA, p) = (xµ, yA) and σ̄(xµ, yA, pµA, p) = (xµ).

Observe also that, considering the bundle π1 : J1π → E , if y ∈ E , an
affine map J1

y π → R is given by

yA
µ 7→ λµA y

A
µ + λ .

The coordinates pµA are called multimomentum coordinates.
9 / 28
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Extended multimomentum bundle
Canonical structure
Restricted multimomentum bundle

Canonical structure

As Mπ is a bundle of forms, it is endowed with a canonical form:

definition 2.3

The canonical or tautological form Θ̃ ∈ Ωm(M) is defined as follows:
if ỹ = (y , ξ) ∈ Λm

2 T∗E ; then, for every Z̃1, . . . , Z̃m ∈ Tỹ (Mπ),

Θ̃ỹ (Z̃1, . . . , Z̃m)) := ξ(y ;Tỹ (σ ◦ p)(Z̃1), . . . ,Tỹ (σ ◦ p)(Z̃m)) .

Therefore, we define
Ω̃ := −dΘ̃ ∈ Ωm+1(Mπ) .

They are known as the multimomentum Liouville m and
(m + 1)-forms,

Proposition 2.4

Ω̃ is a multisymplectic form (and (Mπ, Ω̃) is a multisymplectic manifold).

Their local expressions are

Θ̃ = pµi dy i∧dm−1xµ+p dmx , Ω̃ = −dpµi ∧dy i∧dm−1xµ−dp∧dmx .
10 / 28
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Extended multimomentum bundle
Canonical structure
Restricted multimomentum bundle

Restricted multimomentum bundle

definition 2.5

Let Λm
1 T∗E be the bundle of πsemibasic m-forms on E (those vanishing

when contracting with one π-vertical vector field). The restricted
multimomentum bundle is defined as the quotient

J1π∗ := Mπ/Λm
1 T∗E .

The natural projections are depicted in the following diagram

Mπ
p - J1π∗

σ τ

σ τπ

E

M

PPPPPPq

������)
Q
Q
Q

Q
Q
Qs

�
�

�
�

�
�+?

In natural coordinates of E , the elements of Λm
2 T∗E and Λm

1 T∗E have
the local expressions pµAdyA ∧ dm−1xµ + p dmx and p dmx , respectively;
so, natural coordinates in J1π∗ are (xµ, yA, pµA).
Hence dim J1π∗ = nm + n +m = dim J1π.
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The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

Multisymplectic field theories

The regular case: multisymplectic Hamiltonian field theories

definition 3.1

Sections h : J1π∗ → Mπ of p are called Hamiltonian sections.
A Hamiltonian section is locally given by

h(xµ, y i , pµi ) = (xµ, y i , pµi , p = −H(xν , y i , pνj )) ,

where H is the associated local Hamiltonian function, sometimes called
de Donder–Weyl Hamiltonian function.

Hamiltonian sections allow us to define Hamiltonian field theories:

definition 3.2

The Hamilton–Cartan forms on J1π∗ associated with h are

Θh := h∗Θ̃ = pνi dy i ∧ dm−1xµ − H dmx ∈ Ωm(J1π∗) ,

Ωh := −dΘh = h∗Ω̃ = −dpµi ∧dy i ∧dm−1xµ+dH∧dmx ∈ Ωm+1(J1π∗) .

Ωh is a multisymplectic form in J1π∗, and (J1π∗,Ωh) is said to be a
regular or multisymplectic Hamiltonian system.

12 / 28
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The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

Variational principle and Hamiltonian field equations

definition 3.3 (Hamilton–Jacobi Variational Principle)

Let (J1π∗,Ωh) be a Lagrangian system and Γ(τ) the set of sections of τ .
Consider the following functional:

H : Γ(τ) −→ R

ψ 7−→
∫
D⊂M

ψ∗Θh .

Then, the Hamilton–Jacobi variational problem for the Hamiltonian
system (J1π∗,Ωh) is the search for the critical (or stationary) sections of
the functional H with respect to the variations of ψ given by ψt = ρt ◦ ψ,
where {ρt} is a local 1-parameter group of any compact-supported
τ -vertical vector field Z ∈ XV(τ)(J1π∗); that is,

d
dt

∣∣∣
t=0

∫
D

ψ ∗
t Θh = 0 .

The corresponding Hamiltonian field equations derived from this
variational principle can be stated in several alternative ways:

13 / 28
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The regular case: multisymplectic Hamiltonian field theories
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Theorem 3.4

The following assertions on a section ψ ∈ Γ(τ) are equivalent:
1 The section ψ is critical for the Hamilton–Jacobi variational problem.
2 ψ is a solution to the Hamiltonian field equations for sections:

ψ∗ι
(
X
)
Ωh = 0 ; for every X ∈ X(J1π∗) . (1)

3 ψ is an integral section of a class of τ -transverse locally decomp.
multivector fields, {Xh} ⊂ Xm(J1π∗), whose elements are solutions
to the Hamiltonian field equations for multivector fields:

ι
(
Xh

)
Ωh = 0 . (2)

4 ψ is an integral section of an Ehresmann connection ∇h in J1π∗

which is a solution to the Hamiltonian field eqs. for connections:

ι
(
∇h

)
Ωh = (m − 1)Ωh . (3)

5 ψ is a solution to the Hamilton-de Donder-Weyl equations:
∂(y i ◦ ψ)
∂xµ

=
∂H

∂pµi
◦ ψ ,

∂(pµi ◦ ψ)
∂xµ

= −∂H
∂y i

◦ ψ . (4)
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The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
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In natural coordinates of J1π∗, if ψ(x) =
(
xµ, yA(x), pµA(x)

)
, then:

Using the local expressions in Def. 3.2, equation (1) reads as (4)
(the Hamilton-de Donder-Weyl equations).
The local expressions of a τ -transverse loc. decomp. multivector
field and its associated Ehreshmann connection are

Xh =
m∧

µ=1

( ∂

∂xµ
+ FA

µ

∂

∂yA
+ Gρ

Aµ

∂

∂pρA

)
,

∇h = dxµ ⊗
( ∂

∂xµ
+ FA

µ

∂

∂yA
+ Gρ

Aµ

∂

∂pρA

)
;

Then, from (2) and (3) we get

FA
µ =

∂H

∂pµA
, Gµ

Aµ = − ∂H

∂yA
.

If Xh and ∇h are integrable, then the equations for their integral
sections

∂(yA ◦ ψ)
∂xµ

= FA
µ ◦ ψ ,

∂(pρA ◦ ψ)
∂xµ

= Gρ
Aµ ◦ ψ.

lead to the Hamilton-de Donder-Weyl equations (4).
15 / 28
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The regular case: multisymplectic Hamiltonian field theories
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Hamiltonian formalism for regular Lagrangian field theories

definition 3.5

Let (J1π,ΩL) be a Lagrangian system.

The extended Legendre map F̃L : J1π → Mπ, associated with L
is defined as follows: if ȳ ∈ J1π, then

FL(ȳ) = ỹ ≡ (π1(ȳ), ξ) ∈ Mπ ,

such that, for every Z1, . . . ,Zm ∈ TȳJ
1π, then

ξ
(
Tȳπ

1(Z1), . . . ,Tȳπ
1(Zm)

)
:= (ΘL)ȳ (Z1, . . . ,Zm),

The restricted Legendre map FL : J1π → J1π∗ associated with L
FL := p ◦ F̃L .

Their local expressions are:

F̃L
∗
xµ = xµ , F̃L

∗
y i = y i , F̃L

∗
pµi =

∂L

∂y i
µ

, F̃L
∗
p = L−y i

µ

∂L

∂y i
µ

,

FL∗xµ = xµ , FL∗y i = y i , FL∗pµi =
∂L

∂y i
µ

.

16 / 28



Introduction
Multimomentum bundles

Multisymplectic field theories
Example

Other references

The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

Proposition 3.6

The Lagrangian L is regular if, and only if, FL is a local diffeomorphism.

definition 3.7

The Lagrangian L is hyperregular if FL is a global diffeomorphism.

Then, h := F̃L ◦ FL−1 is a (local) Hamiltonian section

J1π

F̃L

FL�
���

���*

- J1π∗

Mπ

?
p

6h

and we can define the corresponding Hamilton-Cartan forms Θh and Ωh.
We have:

F̃L
∗
Θ̃ = FL∗Θh = ΘL , F̃L

∗
Ω̃ = FL∗Ωh = ΩL , EL = FL∗H .

definition 3.8

The pair (J1π∗,Ωh) is the Hamiltonian system associated with the
regular Lagrangian system (J1π,ΩL).

17 / 28
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The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

Theorem 3.9 (Equivalence theorem)

Let (J1π,ΩL) be a (hyper)regular Lagrangian system and (J1π∗,Ωh) the
associated Hamiltonian system.

If ϕ ∈ Γ(π) is a solution to the Hamilton variational problem, then
ψ = FL ◦ j1ϕ ∈ Γ(τ̄) is a solution to the Hamilton–Jacobi problem.
Conversely, if ψ is a solution to the Hamilton–Jacobi problem, then
ϕ = τ ◦ ψ is a solution to the Hamilton problem.

J1π
FL - J1π∗

π1 τ

j1ϕ ψ

πϕ

E

M

Q
Q
Q

Q
QQs

�
�

�
�

��+

J
J

J
J

J
J

J
JJ]

















�

6

?

The holonomic multivector fields and connections solutions to the
Lagrangian field equations are FL-related with the multivector fields
and connections solutions to the Hamiltonian field equations (i.e.;
their associated distributions in J1π and J1π∗ are FL-related).
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The singular case: premultisymplectic Hamiltonian field theories

Singular Hamiltonian systems in field theory are defined on submanifolds
ȷ◦ : P◦ ↪→ J1π∗, fibered over E and M.

P◦
�
���

����*

h◦

-
ȷ◦

J1π∗

Mπ

?

6
p h

HHHHj
τ◦ τ

τ◦ τ

π

�����
E

?

@
@
@
@@R

�
�

�
��	

M

definition 3.10

The Hamilton–Cartan forms on P◦ are obtained using Hamiltonian
sections to define Hamiltonian maps h◦ = h ◦ ȷ◦ : P◦ → Mπ,

Θ◦
h = h ∗

◦ Θ̃ ∈ Ωm(P◦) , Ω◦
h = −dΘ◦

h = h ∗
◦ Ω̃ ∈ Ωm+1(P) .

(P◦,Ω
◦
h) is a singular or premultisymplectic Hamiltonian system.

19 / 28
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The regular case: multisymplectic Hamiltonian field theories
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The Hamilton–Jacobi variational principle for (P◦,Ω
◦
h) is stated as in the

regular case, but for sections ψ◦ : M → P◦. Then, the corresponding
Hamiltonian field equations read:

(1) ψ ∗
◦ ι
(
X◦

)
Ω◦

h = 0, for every X◦ ∈ X(P◦).
(2) ι

(
X◦

h
)
Ω◦

h = 0, for X◦
h ∈ Xm(P◦).

(3) ι
(
∇◦

h

)
Ω◦

h = (m − 1)Ω◦
h, for Ehresmann connections ∇◦

h on P◦.

For premultisymplectic Hamiltonian system, in general, these Hamiltonian
field equations are not compatible on P◦. In the best situations, they
have consistent solutions on a final constraint submanifold Pf ↪→ P◦,
which is obtained by using a suitable constraint algorithm, like in the
Lagrangian case:

Pf ↪→ · · · · · · ↪→ P1 ↪→ P◦ ↪→ J1π∗ .

Then, sections solution to the field equations have their images on Pf

and the distributions associated with multivector fields and connections
solution to the corresponding field equations are tangent to Pf .
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The regular case: multisymplectic Hamiltonian field theories
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Hamiltonian formalism for singular Lagrangian field theories

definition 3.11

Let (J1π,ΩL) be a Lagrangian system. The Lagrangian L (and the
Lagrangian system) is said to be almost-regular if:

1 P̃◦ := F̃L(J1π) is a submanifold of Mπ, with natural embedding
ȷ̃0 : P̃◦ ↪→ Mπ.

2 F̃L is a submersion onto its image.
3 For every ȳ ∈ J1π, the fibers F̃L

−1
(F̃L(ȳ)) ⊂ J1π are connected.

Proposition 3.12

If L is an almost-regular Lagrangian then:
1 P◦ := FL(J1π) is a submanifold of J1π∗, ȷ0 : P◦ ↪→ J1π∗ (primary

constraint submanifold in Dirac’s terminology).
2 FL is a submersion onto its image.
3 For every ȳ ∈ J1π, the fibers FL−1(FL(ȳ)) ⊂ J1π are connected.
4 The restriction of p : Mπ → J1π∗ to P̃◦, p◦ : P̃◦ → P◦, is a

diffeomorphism.
21 / 28
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The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

Let F̃L◦ be the restriction map of F̃L onto P̃◦ given by F̃L = ȷ̃◦ ◦ F̃L◦.
Let FL◦ be the restriction map of FL onto P◦ given by FL = ȷ◦ ◦ FL◦.

Taking h̃ := p̃−1
◦ , we have the Hamiltonian map h◦ := ȷ̃◦ ◦ h̃.

J1π

F̃L◦

FL◦

�
���

����*

- P◦

P̃◦

6

�
���

���*

? h◦
h̃ p̃◦

-

-
ȷ◦

ȷ̃◦

J1π∗

Mπ

?

6
p h

@
@
@@R

τ◦ τ

τ◦ τ

π

�
�

��	
E

?

J
J
J
J
J
J
JĴ


















�
M

The corresponding Hamilton–Cartan forms are

Θ◦
h := h∗

◦Θ̃ ∈ Ωm(P◦) , Ω◦
h := −dΘ◦

h = h∗
◦Ω̃ ∈ Ωm+1(P◦)

22 / 28



Introduction
Multimomentum bundles

Multisymplectic field theories
Example

Other references

The regular case: multisymplectic Hamiltonian field theories
Variational principle. Hamiltonian field equations
Hamiltonian formalism for regular Lagrangian field theories
The singular case: premultisymplectic Hamiltonian field theories
Hamiltonian formalism for singular Lagrangian field theories

They verify that
FL∗

◦Θ
◦
h = ΘL , FL∗

◦Ω
◦
h = ΩL ,

and there exists a de Donder–Weyl Hamiltonian function
H◦ ∈ C∞(P◦) such that EL = FL∗

◦H◦.

definition 3.13

(P◦,Ω
◦
h) is the premultisymplectic Hamiltonian system associated

with the premultisymplectic Lagrangian system (J1π,ΩL).

Equivalence: For the Lagrangian and Hamiltonian constraint algorithms:

Pf

Sf

?
FLf

-

-

· · · · · ·

· · · · · ·

-

-

P1

S1

?
FL1

-

-

P◦

J1π

?
-

@
@
@R

FL◦ FL

J1π∗

The Equivalence theorem is stated like in the regular case (Theor. 3.9);
but now sections solution to the Lagrangian and Hamiltonian field eqs.
have their images on Sf and Pf , respectively; and the distributions
associated with m.v.f. and connections solution are tangent to Sf and Pf .23 / 28
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Maxwell’s electromagnetism

Example

Maxwell’s electromagnetism

Multisymplectic Hamiltonian setting:

Spacetime Minkowskian manifold (M, η): coordinates (xµ), µ = 0, 1, 2, 3.
Configuration bundle π : E → M, E = M × Λ1(M)
(Λ1(M) one-form potentials on M): coordinates (xµ,Aµ).
Multivelocity phase bundle J1π: coordinates (xµ,Aµ,Aµν).
Extended multimomentum bundle J1π: coordinates (xµ,Aµ, p

µν , p).
Restricted multimomentum bundle J1π∗: coordinates (xµ,Aµ, p

µν).

Maxwell’s Lagrangian function: L(xµ,Aν ,Aµν) = − 1
4µ◦

FµνF
µν − AαJ

α ;

where Fµν = Aµν − Aνµ. It is singular (almost-regular) because

∂2L

∂Aαβ∂Aµν
= ηανηβµ − ηαµηβν .
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Restricted Legendre map FL : J1π → J1π∗,

FL∗pµν =
∂L

∂Aµν
= − 1

µ◦
Fµν . (5)

where coordinates pµν have the same properties as Fµν (skew-symmetry).
Primary constraint submanifold P◦ = FL(J1π), given by the constraints

ζµµ ≡ pµµ = 0 , ζµν ≡ pµν + pνµ = 0 .

Coordinates (xµ,Aµ, p
µν), µ > ν.

Hamiltonian section h : P◦ → Mπ: It is given by the de Donder–Weyl–
Hamiltonian function (for the freee coordinates pµν in P◦):

H◦ = −µ◦

4
pµνp

µν + AαJ
α ∈ C∞(P◦) .

Hamilton–Cartan forms:

Θ0
h = pµνdAν ∧ d3xµ +

(µ◦

4
pµνp

µν − AαJ
α
)
d4x ,

Ω0
h = −dpµν ∧ dAν ∧ d3xµ − µ◦

2
pµνdpµν ∧ d4x + JαdAα ∧ d4x .
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Field equations (for m.v.f.): For locally decomposable τ̄1-transverse
multivector fields Xh = X0 ∧ · · · ∧ X3 ∈ X4(P◦), where

Xµ =
∂

∂xµ
+ Dµν

∂

∂Aν
+ Hαβ

µ

∂

∂pαβ
,

equation (2) gives

ι(Xh)Ω
0
h = (Hµν

µ + Jν)dAν −
(
Dµν +

µ◦

2
pµν

)
dpµν ;

which, using the skew-symmetry of pµν , leads to

(Dµν − Dνµ) + µ◦pµν = 0 , Hµν
µ + Jν = 0 . (7)

For the integral sections of Xh we have
Dµν = ∂µAν , Hαβ

µ = ∂µp
αβ ,

then, equations (7) lead to the Hamilton–de Donder–Weyl equations
which, using Fµν = ∂µAν − ∂νAµ and the Legendre map (5), read as:

Fµν = −µ◦pµν , −∂µpµν = Jν ⇐⇒ ∂µF
µν = µ◦J

ν . (8)

The first eqs. (8) are the first pair of Maxwell eqs. (field constitutive
eqs.), and the second eqs. (8) are the (second pair of) Maxwell equations.
Eqs. (7) are compatible on P◦; so no constraint algorithm is needed. 26 / 28
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