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COURSE PROGRAMME

@ First lecture: Introductory remarks. Previous geometric
background.

© Second lecture: Multisymplectic Lagrangian field theory.
© Third lecture: Multisymplectic Hamiltonian field theory.

@ Fourth lecture: Symmetries. Gauge symmetries. Conservation
laws.
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INTRODUCTION

INTRODUCTION

In the Lagrangian formalism of variational multisymplectic field theories,
the appropriate geometrical setting for constructing finite-dimensional
covariant phase spaces are jet bundles.

These are fiber bundles over spacetime whose fiber coordinates represent
the fields and their spacetime derivatives; and the formalism is developed
using the canonical geometric structures naturally defined on them.

In general, for a kth-order Lagrangian field theory (where the
Lagrangians depend on derivatives of the fields up to order k), the theory
takes place on the (2k — 1)-order jet bundle, and the Lagrangian field
equations (the Euler-Lagrange equations) are PDE's of order 2k.

For first-order Lagrangian field theories (where the Lagrangians depend
on derivatives of the fields up to first-order), the corresponding first-order
jet bundle is called the multivelocity phase space, and the coordinates on

the fibers representing the first derivatives of the fields, are called
multivelocities. Then, the Lagrangian field equations are second-order
PDE's.
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INTRODUCTION

In this lecture, | present the main features of the multisymplectic
Lagrangian framework for first-order field theories, ranging from the
geometry of jet bundles to the variational principle and field equations.

@ A. Echeverria-Enriquez, M.C. Mufioz-Lecanda, N. Roman-Roy, “Geometry
of Lagrangian first-order classical field theories’. Forts. Phys. 44 (1996)
235-280.

@ A. Echeverria-Enriquez, M.C. Mufioz-Lecanda, N. Roman-Roy,
“Multivector fields and connections: Setting Lagrangian equations in field
theories”, J. Math. Phys. 39(9) (1998) 4578-4603.

@ N. Roman-Roy, “Multisymplectic Lagrangian and Hamiltonian formalisms
of classical field theories", Sym. Integ. Geom. Meth. Appl. 5 (2009) 100.
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JET BUNDLES

FIRST-ORDER JET BUNDLES

Let 7: E — M be a fiber bundle; dmM =m, dmE = n+ m.
Coords. on E adapted to the bundle: (x*,y4), 1< u<m 1<A<n.

Two local sections ¢,v: U C M — E are 1-equivalent at x € U C M ff,

: .. . Og" oA
(i) p(x) = ¥(x). (i) Txp =Ty, thatis, —| = Fn
X X!

OxH

The equivalence class containing ¢ is called the 1-jet of ¢ at x, and is
denoted jl¢. The bundle of 1-jets of sections of 7, also called the 1-jet
bundle of 7 or the first-order jet bundle of =, is the set

SPa={o|xeM, pel(n)}.

X

The fibers of J'7 at y € E are denoted JylE and their elements y € JylE.
If : U — E is a representative of y € JJE, we write ¢ € y.
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FIRST-ORDER JET BUNDLES

JET BUNDLES

HoLoNo

Jim — E is an affine bundle with natural projections:
. — E o at=gmgorl: Sl — M

—JX¢ — y=¢(kx) ' y=ix¢ > x
Local adapted coordinates in J'm are (x*,y*, y;}), defined as follows: if
y € Jrm, with 7(y) =y, n(y) = x, and ¢ € y, then

i D
VO =000 ) = 2.
and dim J'7 = m+ n+ nm.

Furthermore, in the case that M is an orientable manifold with volume
form w,, € 2™(M), the coordinates (x*) in M are taken such that

w, =dx* A Adx™ =dMx

Finally, we denote:

We also denote w = 71*w,,.
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JET BUNDLES

Let ¢: U C M — E be a local section of w. For every x € U, ¢ defines
an element y = j1¢ € JLm. Therefore, the local section of 7it,
jlgi) . UC M — I
X — y=Jio
is called the canonical lift of ¢ to J .
Sections of @' which are canonical lifts of sections of w are called
holonomic sections.

A
If 6(x) = (x*, 6"(x)), then *(x) = (x*, 6" (x), g%(x))-
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JET BUNDLES

CANONICAL STRUCTURES

Canonical structures in J*m: The canonical endomorphism in J'7

0 0
J = (dy” - Adxﬂ)@o(,)—A@@a

The contact module or Cartan codistribution:

C = (dy” — y/ldx*)

If M is an orientable manifold with volume form w,, € 2™(M), and
w = 7t*w,, € 2™(J 7), the canonical endomorphism associated with
w is

0
A A m—1
jw:(dy _y/‘dx'u)@d XV®@'
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MULTIVECTOR FIELDS AND CONNECTIONS ON JET BUNDLES

Let {x*,y", y/'} be adapted coordinates in the bundle J'w — E — M.
An Ehresmann connection V in J1m — M, its associated horizontal
bundle H(V), and a representative of the class of locally decomposable
#1l-transverse multivector fields associated with V read as:

9 9 9
_ o A A
V=t (5u g at ) (1)

0 0 0
H(V) = <8X# + f,j‘—ayA + F;UayA> :
R, A0
xf/\(erf#a—yAJrFW@), (2)
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HoLoNOMIC MULTIVECTOR FIELDS AND CONNECTIONS (SOPDE'S)

A locally decomposable m.v.f. X € X™(J'x) is holonomic or a Second
Order Partial Differential Equation (SOPDE) if

@ It is wt-transverse.
© It is integrable.
@ Its integral sections 1): M — J1m are holonomic.

An Ehresmann connection V in J 7 is holonomic or a Second Order
Partial Differential Equation if

@ It is integrable.
Q Its integral sections 1): M — J 7 are holonomic.

(We also say that they verify the Second-Order Condition).
A holonomic section j'¢(x) = (xlﬁ(b (x), M(X)) is an integral section
of V and its associated X if, and only if, in (1) and (2),

A
AGo00) = 20 FA G = 2

T Oxw wy
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NECTIONS ON JET B
IELDS AND CONNECTIONS

This means that

A 0 0
A A
-A (5 i gm + Fluga) - (4)
9 ? 9
— dx® A »
V=t e (gl at g (5)

A locally decomposable 7it-transverse multivector field X € X™(Jx) and
its associated connection V are semiholonomic if (4) and (5) hold or,
equivalently,

(T)X=u(Tu)X=0 ; «(J)V=u(T,)V=0. )

PROPOSITION 2.6

A locally decomposable 7tt-transverse multivector field X € X™(J ) and
its associated connection V are holonomic if, and only if, they are
semiholonomic and integrable.
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LAGRANGIAN FIELD THEORIES

LAGRANGIAN SYSTEMS

Geometric framework for first-order Lagrangian field theories:

o An m-dimensional orientable manifold M, with volume form
w,, € 27(M); (typically spacetime).

o A fiber bundle m: E — M, with dim E = m + n, which is the
covariant configuration bundle of the theory.
The fields are the sections of the projection 7.

o The first-order jet bundle 7t: JSi7 i) E =5 M, which is called the
Lagrangian (multi)phase space of the theory.
The states of the field are holonomic sections of the projection 7.
In the charts of coordinates adapted to the bundle structure,
(x*,y*,y2), the coordinates (y;') (in the fibers of 7') are called
multivelocities, and J'r is also known as the multivelocity phase
space.
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LACRANGIAN SYSTEMS

LACRANCIAN FIELD THEORIES
"RAINT ALGORITHM

The physical (or mathematical) information of the theory:

A Lagrangian density is a 7'-semibasic m-form £ € Q™(J 7).
As M is an orientable manifold, then £ = Lw, where L € C*(J7) is the
Lagrangian function associated with £ and w.

Given a Lagrangian density L € Q™(J'7):
The Poincaré—Cartan m-form associated with L is defined as:

Or = i(J)AL + L = i(Jo)dL + L € Q"(J ) .

The form 9, = [(J)dL is called the Lagrangian form associated with L.
The Poincaré—Cartan (m + 1)-form associated with L is

Qp:=—-dO, € Qm+1(J1’/T) o

A Lagrangian system is a pair (J'7,Q.).

€

Remark: Q is variational, since, for every X, Y, Z € XV (Jlx),
L(X)L( )@L:O = L(X)L( )L( )QL:O.
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LACRANCIAN SYSTEMS

LACRANCIAN FIELD THEORIES

T ALGORITHM

Yi
B aL - L, ”
Q= d(a A)/\d Ad Xu+d(8yﬁ\yﬁ L) Ad™x . (6)
The local function oL
E, := yi-L
L 6)/

is the Lagrangian energy associated with L. It cannot be intrinsically
defined as a function on J ', unless a connection in w: E — M is used.

A Lagrangian density and the corresponding Lagrangian system are
regular if Q is a multisymplectic form (i.e., 1-nondegenerate).
Elsewhere, they are singular or non-regular (and Q. is a
premultisymplectic form).

Remark: In coordinates, this regularity condition is locally equivalent to
0L

8yﬁ‘8yVB>

demanding that the partial Hessian matrix ( is regular.
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VARIATIONAL PRINCIPLE

In general, in the standard formulation of variational principles, a
variational problem consists of the following elements:

o A set of functions which are the variables of the problem.
In geometric field theories this is the set of sections which represent
the states of the fields.

o A set of admissible transformations of the functions.
In geometric field theories these transformations are locally
generated by vector fields in the multiphase bundle, which are
vertical for the projection onto the base manifold M.

@ An action functional defined in the above set of functions from a
Lagrangian density. It is given by an integral (on compact-supported
domains) of the Lagrangian density evaluated on those functions.

In geometric field theories, this integral can also be stated using the
geometric structure constructed from the Lagrangian density.

Then, the variational problem consists in searching for the critical or

stationary sections of the functional with respect to admissible variations.
16 / 27



LACRANCIAN SYSTEMS

LACRANCIAN FIELD THEORIES

DEFINITION 3.4 (HAMILTON VARIATIONAL PRINCIPLE)

Let (J'7,Q,) be a Lagrangian system and () the set of sections of 7.
Consider the following functional (the action defined by L):

L:T(r) —R

¢r— (o)L= ('o)yec.
DcMm DCM
Then, the Hamilton variational problem for the Lagrangian system
(Jrm, Q) is the search for the critical (or stationary) sections of the
functional L with respect to the variations of ¢ given by ¢y = o 0 ¢,
where {0} is a local 1-parameter group of any compact-supported
m-vertical vector field Z € XV(™)(E); that is,

d -1 * _i 1 " B
t=0/D(J d)t) L_dt tzo/D(J ¢t) ©,=0.

dt
The corresponding Lagrangian field equations derived from this
variational principle can be stated in several alternative ways:
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LACRANCIAN SYSTEMS
LACRANCIAN FIELD THEORIES

THE SINGCULAR CASE: CONSTRAINT ALCORITHM

LAGRANGIAN FIELD EQUATIONS

The following assertions on a section ¢ € T'(w) are equivalent:

@ The section ¢ is critical for the Hamilton variational problem.
© j1¢ is a solution to the Lagrangian field equations for sections:

(jl(b)*L(X)QL =0; for every X € X(Ji7) . (7)

@ j'¢ is an integral section of a class of holonomic multivector fields,
{Xc} C X™(J 7), whose elements are solutions to the Lagrangian
field equations for multivector fields:

L(XL)QL =0. (8)
Q j1¢ is an integral section of a holonomic connection YV in J'x
which is a solution to the Lagrangian field eqs. for connections:

L(Vﬁ)ng(m—l)QL o (9)
@ j'¢ is a solution to the EuIer—Lagrange equations:
8L it A
ayA o' s (ﬂof s)=0. (10)
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LACRANCIAN FIELD THEORIES

CULAR CASE: CONSTRAINT ALGORITHM

REFERENCES

Remarks:

o There are Lagrangian densities or, equivalently, Lagrangian functions,
that, being different, give rise to the same Poincaré—Cartan form ©,
and, hence, to the same Euler-Lagrange equations.

They are generically called equivalent Lagrangians.

o Even more, different Lagrangians can originate different
Poincaré—Cartan forms, but which lead to the same variational
problem and, hence, to the same Euler—Lagrange equations.

These are called Lepage equivalent forms and their corresponding
Lagrangians are Lepage equivalent Lagrangians.

@ D. Krupka, Introduction to Global Variational Geometry, Atlantis Studies
in Variational Geometry, Atlantis Press, Elsevier, 2013.
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LACRANCIAN FIELD THEORIES

In natural coordinates of J'm, if ¢(x) = (x*, y;, (X)) then

A
(') (x) = (X“,y;\(x), %(X)) Therefore:

e Using (6), equation (7) eads as (10) (the Euler-Lagrange egs).
e Using (1), (2), and (6); from (8) and (9) we get
B
o

0L
_ B = 11
(8 y“)ayfay,? ’ ()
oL PL PL g L B L (F5—yB) =0
HyA 8x“8y;j‘ 8},88),;:\# 3y83 Alvp 8yA8y5 w V)=
(12)

o If Xz and V. are holonomic, they are semiholonomic; then

£8 = yfB. Therefore, egs. (11) hold identically and egs. (12) are

L 2L 2L 2L
O e~ SO R (13)
dyA  Oxrdyp  dyBoypt dyBoylt M

and, bearing in mind (3), egs. (13) give the Euler-Lagrange
equations (10).

o When L is regular, semiholonomy comes from egs. (11), and egs.
(13) are compatible for F&

O:
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LACRANCIAN FIELD THEORIES
THE SINGULAR CASE STRAINT ALCORITHM

PROPOSITION 3.6

If (J*7,Q) is a regular Lagrangian system, then:

@ The Lagrangian field equations for multivector fields (8) and
connections (9) have solutions on Jiw. These solutions are not
unique if m > 1.

© The =t-transverse multivector fields X, € X™(J m) and their
associated Ehresmann connections V ; which are solutions to
equations (8) and (9) are semiholonomic.

Remark: Equations (8) and (9) are equations for locally decomposable
m.v.f. and connections (not for sections), and, if they are compatible,
their solutions can be integrable or not. So, once solved, the integrability
condition must be additionally imposed; which could originate constraints
defining a submanifold of J'7 where these integrable solutions exist.

m
If X, = /\ X, and V,; = dx* ® X, the necessary and sufficient

=1
condition for the existence of integral sections (solutions to egs. (3)) is:

[X.,X,] =0, (for every p,v) .
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LACRANCIAN FIELD THEORIES

THE SINGULAR CASE: CONSTRAINT ALGORITHM

When the system is not regular, in general, the Lagrangian field
equations have no solutions everywhere on J'r. In the most favourable
cases, they are compatible only on a submanifold of Jm, which is
obtained by applying a constraint algorithm.

Furthermore, solutions to the Lagrangian field equations for multivector
fields (8) and connections (9) are not necessarily semiholonomic and, as a
consequence, if they are integrable, their integral sections are not
necessarily holonomic; so this requirement must be imposed as an
additional condition.

Thus, the objective is to find the maximal submanifold of J'7 where
these SOPDE solutions to the Lagrangian field equations (8) and (9) exist
and are tangent to the submanifold.

@ M. de Leon, J. Marin-Solano, J.C. Marrero, M.C. Munoz-Lecanda, N.
Roméan-Roy, “Premultisymplectic constraint algorithm for field theories”.
Int. J. Geom. Meth. Mod. Phys. 2 (2005) 839-871.
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THE SINCULAR CASE: CONSTRAINT ALCORITHM

Operational implementation of the constraint algorithm for egs. (8,9):

o

Find the maximal compatibility submanifold S; < J'7 where
semiholonomic multivector fields and connection solution to egs. (8)
and (9) exist. It is (locally) defined by compatibility constraints ¢,
Impose the tangency conditions to find the points of S; where there
are semiholonomic solutions X = /\Z’:1 X, and H(V) = (X,,),
tangent to S;. These conditions read locally

Lx, C}l) S 0.

If these conditions originate new stability constraints (},2) that define
a submanifold S; < 51, the tangency conditions apply again.

The procedure continues until, in the best situations, the Lagrangian
field equations have semiholonomic solutions tangent to a maximal
final constraint submanifold S¢, that projects on M,

Finally, we have to find holonomic solutions. Then, the integrability
conditions can originate new constraints; i.e., new submanifols,

where the tangency conditions have to be imposed again.
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EXAMPLE

MAXWELL'S ELECTROMAGNETISM

Maxwell equations (in void):

voE-L | vxe--2

€o ot '

. OE
, VXB:/*LOJJ'_/*LOGOE
E: electric field. B: magnetic field. p: density of electric charge.

J: density of electric current. €,: electric constant. p,: magnetic constant
V.-B=0= B=VxA; A= (A A% A%): vector potential.
OA OA
0=V x (E+—) — e+
<b ot
A= ( - A) = (A,): electromagnetic four-potential form.
0A, 0A,
F = (F,U,I/); F;u/ = -

3 " B = 0,A, — 0,A,: electromagnetic
X X
tensor.

ot —V & ; o&: scalar potential.

J = (pc,j) = (J*): electromagnetic four-current. 24 /27



MAXWELL’S ELECTROMAGNETISM
EXAMPLE

Multisymplectic Lagrangian setting;:

Spacetime Minkowskian manifold (M, n): coordinates (x*), p =0,1,2,3.

Configuration bundle 7: E — M, E = M x A}(M)
(AY(M): four-potential one-forms on M): coordinates (x*, A,).

Multivelocity phase bundle J': coordinates (x*, A, A..).
1

Maxwell's Lagrangian function: L(x*,A,, Au) = _TFW FrY— AL Je,
[ho

where F,, = A, — Ay, and FH* = nton’BF 5. It is singular because
the corresponding partial Hessian matrix is singular:
0L B
0Aug0A,
Poincaré—Cartan forms:
Or =L FordA, A dx, + (- S Aad®)dx,
Ho 4pto
Qr = — ("n"® =" n"PYdAns A dA, A d3x 4+ FPdALs A d*x
— J¥dA, A d*x.

aunﬁ,u L Qp ﬁv'

non
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MAXWELL’S ELECTROMAGNETISM
EXAMPLE

Field equations (for m.v.f.): For loc. decomposable 7!-transverse
multivector fields Xz = Xg A -+ A X3 € X*(J ), where
0 0 0
Xy = 5— Dy —— Hiap 77— )
T awn TPmga, T es g
equation (8) gives
{O — FR o (e — gDy = FR 4 DI - DV

17
0= (nuanu,@ _ nuanuﬁ)Hﬂaﬁ + pod¥ = HZLW _ HZM +,quV ) ( )

As F is skewsymmetric, the first equations (17) give the semiholonomy
condition for Xz, D,,, = A,.; and for their holonomic integral sections,

Dy = Ay = 04A, = Hyuap = 0uAas = 0,044 ,
and equations (17) lead to the Euler-Lagrange equations
FrY=0rAY —0YA* O, F" = poJ” . (18)
The first egs. (18) can be written as F = d.A; which means dF = 0.
They are the first pair of Maxwell equations (field constitutive equations).
The second egs. (18) are the (second pair of ) Maxwell equations.

Egs. (17) are compatible on J'7; so no constraint algorithm is needed. 2627
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