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� Null reduction of Lorentzian spacetimes (Duval et al. 1985, Minguzzi 2006).
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Let Mn+1 a connected, Hausdorff and paracompact smooth manifold.

Ω ∈ Λ1(M) non-vanishing one form, called absolute clock.

If AnΩ := {v ∈ TM : Ω(v) = 0}, take a positive definite metric on the n-distribution AnΩ,

g : Γ(AnΩ)× Γ(AnΩ) → C∞(M) .

g is called the absolute metric and (AnΩ, g) the absolute space.

The triad (M,Ω, g) is a Leibnizian spacetime .

4A. N. Bernal, M. Sánchez (2003). Leibnizian, Galilean and Newtonian structures of space-time.

Journal of Mathematical Physics 32, 77-108.



Let Mn+1 a connected, Hausdorff and paracompact smooth manifold.

Ω ∈ Λ1(M) non-vanishing one form, called absolute clock.

If AnΩ := {v ∈ TM : Ω(v) = 0}, take a positive definite metric on the n-distribution AnΩ,

g : Γ(AnΩ)× Γ(AnΩ) → C∞(M) .

g is called the absolute metric and (AnΩ, g) the absolute space.

The triad (M,Ω, g) is a Leibnizian spacetime .

4A. N. Bernal, M. Sánchez (2003). Leibnizian, Galilean and Newtonian structures of space-time.

Journal of Mathematical Physics 32, 77-108.



p (AnΩp, gp)

Zp

M

Given an event p ∈ M,

� v ∈ TpM is timelike (spacelike) if Ωp(v) ̸= 0 (= 0),

� A timelike vector v ∈ TpM is future-pointing

(past-pointing) if Ωp(v) > 0 (< 0).

γ : I ⊆ R → M is an observer if Ω(γ′) = 1.

Z ∈ Γ(TM) is a field of observers if Ω(Z ) = 1.

� Locally synchronizability: Ω ∧ dΩ = 0.

Locally, Ω = λ dT for smooth functions λ > 0 and T .

� Proper time locally synchronizability: dΩ = 0.

Locally, Ω = dT , for certain smooth function T .

⇒ Foliation in terms of (absolute) restspaces Σ.
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Inertia principle must be included via an affine connection ∇ compatible with the Leibnizian

structure,

� ∇Ω = 0, i.e., X (Ω(Y )) = Ω(∇XY ),

� ∇g = 0, i.e., X (g(V ,W )) = g(∇XV ,W ) + g(V ,∇XW ),

for all X ,Y ∈ Γ(TM) and V ,W ∈ Γ(AnΩ).

A Galilean spacetime is a tuple (M,Ω, g ,∇).

Absolute clock Ω and ∇−torsion are related:

Ω ◦ Tor = dΩ

Hence, ∇ torsion-free implies dΩ = 0.
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Let Z ∈ Γ(TM) be a field of observers and consider the natural spacelike projection

PZX = X − Ω(X )Z ∈ Γ(AnΩ), for every X ∈ Γ(TM). Define

� GZ = ∇ZZ ∈ Γ(AnΩ) gravitational field,

� ωZ = 1
2 Rot(Z ) ∈ Γ(Λ2 AnΩ) vorticity or Coriolis field.

For a Leibnizian structure (M,Ω, g), torsionfree ∇ ↦−→
(︁
GZ , ωZ

)︁
is one-to-one and onto.

In fact, for any Z , there exists a unique torsionfree Galilean connection ∇Z such that

G∇Z

Z = 0 and ω∇Z

Z = 0 .

Moreover, if ˆ︁ωZ is the (1, 1)−tensor g−associated to ωZ , any torsionfree Galilean connection

∇ is given by

∇ = ∇Z + GZ ⊗ Ω⊗ Ω+ Ω⊗ (ˆ︁ωZ ◦ PZ ) + (ˆ︁ωZ ◦ PZ )⊗ Ω .
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Let (M,Ω, g) be a Leibnizian spacetime and let Z ∈ Γ(TM) be a field of observers. The

unique torsion-free Galilean connection ∇ with given GZ and ωZ is given by

∇XY = PZ (∇XY ) + X (Ω(Y ))Z , ∀X ,Y ∈ Γ(TM),

via a formula “à la Koszul”:

2g
(︂
PZ (∇XY ) ,V

)︂
=X

(︂
g
(︂
PZY ,V

)︂)︂
+ Y

(︂
g
(︂
PZX ,V

)︂)︂
− V

(︂
g
(︂
PZX ,PZY

)︂)︂
+ 2Ω(X )Ω(Y )g (GZ ,V ) + 2Ω(X )ωZ (P

ZY ,V ) + 2Ω(Y )ωZ (P
ZX ,V )

+ Ω(X )
(︂
g
(︂[︁

Z ,PZY
]︁
,V

)︂
− g

(︂
[Z ,V ],PZY
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− Ω(Y )
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for all V ∈ Γ(An(Ω)).
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A vector field K ∈ Γ(TM) is conformally Leibnizian if its flow conformally preserves the

Leibnizian structure, i.e.,

LKΩ = θΩ and LKg = ρg ,

for a conformal scalar ρ ∈ C∞(M) and some θ ∈ C∞(M), where LK is the Lie derivative with

respect to K .

If θ = ρ = 0, then K is Leibnizian.

If also LK∇ = 0, K is Galilean.

5D. de la Fuente, R. M. Rubio, and J. Torrente-Teruel (2025). “Geometric structure of Galilean

spacetimes admitting a conformally Leibnizian vector field”. Phys. Scr. 100:9, p. 095001.
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A vector field K ∈ Γ(TM) is torse-forming if it satisfies

∇XK = ρX + α(X )K , ∀X ∈ Γ(TM) ,

for a so-called conformal scalar ρ ∈ C∞(M) and generating form α ∈ Λ1(M).

If V (ρ) = 0 for all V ∈ Γ(AnΩ), K is called spatially invariant.

� If α(K ) = 0, K is called a torqued vector field.

� If α = 0 everywhere, K is concircular.

� If α = 0 everywhere and ρ is a non-zero constant, K is a concurrent.
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Conformally

Leibnizian

LKg = 2ρ g Torse-forming

∇XK = ρX + α(X )K

Concircular

∇XK = ρX

Concurrent

∇XK = cX

V (Ω(K)) = 0, ∀V ∈ Γ(AnΩ)

GK =
K(Ω(K))

Ω(K)
K , ωK = 0

ρ =
K(Ω(K))

Ω(K)

K ∈ Γ(TM) timelike vector field.

X ∈ Γ(TM), c ∈ R, α ∈ Λ1(M) and ρ ∈ C∞(M).



Conformally Leibnizian

LZg = 2ρ g

Torse-forming

∇XZ = ρPZX

Parallel

∇XZ = 0

GZ = 0, ωZ = 0

ρ = 0

Z ∈ Γ(TM) field of observers.

X ∈ Γ(TM) and ρ ∈ C∞(M).
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A timelike vector field K ∈ Γ(TM) is a uniform global generator if there exists an open interval

I ⊂ R and a restspace Σ such that the restricted flow

Ψ: I × Σ −→ M

is well-defined and onto.

⋆ It holds locally!



A timelike vector field K ∈ Γ(TM) is a uniform global generator if there exists an open interval

I ⊂ R and a restspace Σ such that the restricted flow

Ψ: I × Σ −→ M

is well-defined and onto.

Theorem dFRT

Let (M,Ω, g ,∇) be a Galilean spacetime and let Z ∈ Γ(TM) be a field of observers. If

Z is a uniform global generator on some I × Σ with I ⊂ R an open interval and Σ a

restspace, the restricted flow

Ψ:
(︁
I × Σ, dt,Ψ∗g ,Ψ∗∇

)︁
−→ (M,Ω, g ,∇) ,

is a Galilean covering map. If Z is complete, then Ψ is normal.
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I ⊂ R and a restspace Σ such that the restricted flow

Ψ: I × Σ −→ M

is well-defined and onto.

Theorem dFRT

Let (M, dT , g ,∇) be a Galilean spacetime with absolute time function T ∈ C∞(M)

and let Z be a field of observers. If Z is a uniform global generator on some I × Σ,

I ⊂ R an open interval and Σ a restspace, then the restricted flow Ψ|I×Σ is a Galilean
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Corollary

Let (M,Ω, g ,∇) be a Galilean spacetime and Z ∈ Γ(TM) a conformally Leibnizian field

of observers. If Z is a uniform global generator on some I × Σ, with I ⊂ R an open

interval and Σ a restspace, then the restricted flow

Ψ:
(︁
I × Σ, dt, f 2π∗

Σg |Σ, ˜︁∇)︁
−→ (M,Ω, g ,∇) ,

where the twisting function f ∈ C∞(I × Σ) is

f (t, q) := exp

(︃∫︂ t

0

ρ (Ψ(s, q))ds

)︃
, (t, q) ∈ I × Σ ,

and the pullback connection ˜︁∇ = Ψ∗∇ is

˜︁∇ = ∇∂t + G∂t ⊗ dt ⊗ dt + dt ⊗
(︁ˆ︁ω∂t ◦ P∂t

)︁
+
(︁ˆ︁ω∂t ◦ P∂t

)︁
⊗ dt ,

respectively, is a Galilean covering map.



Corollary

Let (M,Ω, g ,∇) be a Galilean spacetime and Z ∈ Γ(TM) a torse-forming field of ob-
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Ψ:
(︁
I × Σ, dt, f 2π∗

Σg |Σ,∇∂t
)︁
−→ (M,Ω, g ,∇) ,

is a Galilean covering map on a Galilean Twisted (GT) spacetime.

If Z is spatially invariant, then Ψ can be defined on a Galilean Generalized Robertson-

Walker (GGRW) spacetime.

If Z is complete, then Ψ is normal.
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class of Galilean cosmological models. Adv. Nonlinear Stud.
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Proposition

Let (M,Ω, g ,∇) be a spatially compact Galilean spacetime and let Z ∈ Γ(TM) be a field of

observers. Then, Z is a uniform global generator.

Theorem dFRT

Let (M,Ω, g ,∇) be a spatially compact Galilean spacetime and let Z ∈ Γ(TM) be a field

of observers. Then, there exists an open interval I ⊂ R and a restspace Σ such that the

restricted flow Ψ|I×Σ is a Galilean covering map.
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Theorem dFRT

Let (M,Ω, g ,∇) be a Galilean spacetime admitting an irrotational conformally Leib-

nizian (ICL) field of observers Z ∈ Γ(TM). Denote the conformal scalar by ρ ∈ C∞(M).

If the set {p ∈ M : ρp spatially invariant} is of measure zero in M, then the unique ICL

field of observers with gravitational field GZ is Z .

Corollary

Let (M,Ω, g ,∇) be a Galilean spacetime admitting a torse-forming field of observers

Z ∈ Γ(TM). If the set {p ∈ M : ρp spatially invariant} is of measure zero in M, then Z

unique torse-forming field of observers.

Consider the Twisted spacetime (I × Σ,dt, f 2π∗
ΣgΣ,∇∂t).

If f ∈ C∞(I ×Σ) satisfies df (V ) ̸= 0 on a spacelike vector field V , then the coordinate field of

observers ∂t unique torse-forming.
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(M,Ω, g ,∇) is spatially complete if every restspace is complete.

Theorem dFRT

Let (Mn+1,Ω, g ,∇) be a spatially complete Galilean spacetime. Assume that there exist

spatially invariant ICL fields of observers Z1,Z2 ∈ Γ(TM) with GZ2 = GZ1 . If every

restspace Σ in M is non-Euclidean and does not admit non-trivial parallel vector fields,

then Z2 = Z1.

Consider the GGRW spacetime (R× Sn, dt, (f ◦ πR)
2π∗

SngSn ,∇).

Then, the coordinate vector field ∂t is the unique torse-forming field of observers.
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