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Introduction and Motivation

‘Surplus structure’

Motivation from philosophy: Leibniz's Principle of the Identity
of Indiscernibles

Motivation from physics: degeneration

Interesting from a mathematical perspective
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Dynamical Similarity

Given a symplectic Hamiltonian system (M, w, H), a
dynamical similarity (DS) is vector field D € X(M) s.t

Lpw = w, £pH = AH, A e R

Note that D’s flow does not generate symplectomorphisms

Physically, we associate a DS with an empirically inaccessible
notion of absolute system scale

Example: Kepler system

The goal is to eliminate the redundant ‘scaling’ degree of
freedom
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Contact Reduction

Suppose we have identified a DS D € X(M)

Intuitively, D's flow through M connects configurations that
only differ by an overall rescaling

To eliminate the redundancy, we can form the quotient space
of M under the 1-dimensional orbits of D

If D's flow acts freely and properly on M, M/~ is a smooth
manifold, and 7 : M — M/~ is a submersion

Further, 7, ker (tpw) is a contact distribution, so the

elimination of the scaling degree of freedom allows us to pass
from symplectic — contact

The reduced theory reproduces the dynamics of the original
system without reference to the scaling variable
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From Particles to Fields

® Most interesting physics is concerned with theories of fields,
not single, discrete particles

® The reduction procedure may be rigorously generalised to
classical field theories (see refs)

® For our purposes, we can make the following schematic
replacements:

Symplectic — Multisymplectic
Contact — Multicontact
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Action-Dependent (Multicontact) Field Theories

® The result of a field-theoretic contact reduction is a
multicontact field theory

® Similar to multisymplectic field theories, but in addition to the
usual fields, £ depends on a (d — 1) ‘action’ form S, with
d=dimM

® Herglotz Lagrangians satisfy a constrained variational
principle: dS = £H

® Physically, we interpret action dependence as non-conservative
or frictional behaviour

e £ has no notion of scale, but must reproduce the dynamics
of the full system. The frictional degrees of freedom therefore
compensate the eliminated scale



Palatini Gravity: A Primer

«O>» «Fr «E>»

«E)»

nae



Palatini Gravity: A Primer

® Unlike the more familiar EH formalism, the Palatini framework
takes two independent variables (e/,w")



Palatini Gravity: A Primer

® Unlike the more familiar EH formalism, the Palatini framework
takes two independent variables (e/,w")

® Up to numerical pre-factors, the Lagrangian reads

EZZ/J/\RIJ



Palatini Gravity: A Primer

® Unlike the more familiar EH formalism, the Palatini framework
takes two independent variables (e/,w")

® Up to numerical pre-factors, the Lagrangian reads

EZZ/J/\RIJ

Y = (e A ey) area 2-form



Palatini Gravity: A Primer

® Unlike the more familiar EH formalism, the Palatini framework
takes two independent variables (e/,w")

® Up to numerical pre-factors, the Lagrangian reads

EZZ/J/\RIJ

Y = (e A ey) area 2-form
RM .= dwM + w’K A wkd curvature 2-form



Palatini Gravity: A Primer

® Unlike the more familiar EH formalism, the Palatini framework
takes two independent variables (e/,w")

® Up to numerical pre-factors, the Lagrangian reads
L=X,A RY

Y = (e A ey) area 2-form
RM .= dwM + w’K A wkd curvature 2-form

e Carrying out the variational calculation, we obtain the
dynamical equations

1
DY, =0, G = §€/JKLGJ ARKL =0
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Decomposition into Shape and Scale

Ind =3+1, e carries 10 independent degrees of freedom.
Roughly, 9 of these describe underlying conformal geometry, and
there is 1 choice of local scale in the conformal mode ¢

To make this clearer, consider a change of coordinates, and write
el = e?/28! det(éu’) =1

Emphasise: this is a change of coordinates, and not a Weyl

rescaling!

We cannot yet identify a DS and reduce, as we have only considered
e'. We therefore need to think about w

Roughly, we would like to decompose w into disjoint shape and
scale pieces, writing w = w, + ws, with 1 = shape

This decomposition is slightly less physical than that of e/ - we split
the degrees of freedom, and then interpret the pieces as ‘shape’ and
‘scale’ sectors

There is some degree of choice in the decomposition of w
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The Herglotz Lagrangian

® Substituting the decomposed fields into £, we carry out the
reduction procedure, obtaining

. 2 1
Lsz,JARf—§@A5+65A*5

Yy := % (& A &) unimodular area 2-form
Rf curvature-like term for w

© torsional term

® The scale encoded in ¢ has been eliminated, and the reduced
theory reproduces the original scale dynamics in two ways:

1. Action dependence
2. Non-vanishing torsion
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Back to the Decomposition of w

Recall: some choice in how we decomposed w
If this is so, we can ask two natural questions:

1. How many independent ways are there to decompose w?

2. Does there exist a parameterisation of our choice?
The answer to 1. is that there exist two independent choices,
and the answer to 2. is yes!
In fact, we find an interesting mathematical structure with a
nice physical interpretation...
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A Moduli Space of Frictional Field Theories

We find a 1-dimensional moduli space (= RP!) of frictional
field theories

Each point in this moduli space corresponds to a different
choice of decomposition for w

This changes the functional dependence of £/ on the action
3-form S

Recall that the scale dynamics of the full Palatini theory are
reproduced by a combination of action dependence and
non-vanishing torsion

Physically, displacement in moduli space shifts the proportion
of the scale dynamics carried by action dependence

Despite different algebraic structures, Lagrangians derived
from points in the moduli space all reproduce Palatini
dynamics (at least as a subset)



Conclusions and Future Work

«O>» «Fr «E>»

«E)»

nae



Conclusions and Future Work

® Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting
kinds of geometry



Conclusions and Future Work

Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting

kinds of geometry

There are still many open questions and things left to be done:



Conclusions and Future Work

Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting

kinds of geometry

There are still many open questions and things left to be done:

1. Understand more fully the moduli space



Conclusions and Future Work

Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting

kinds of geometry

There are still many open questions and things left to be done:

1. Understand more fully the moduli space
2. 1°* order Hamiltonian formalism (constraint structure)



Conclusions and Future Work

Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting
kinds of geometry

There are still many open questions and things left to be done:

1. Understand more fully the moduli space

2. 1°* order Hamiltonian formalism (constraint structure)

3. Is it possible to construct a well-defined path integral for
action-dependent field theories?



Conclusions and Future Work

Dynamical similarity provides a nice bridge between mathematics
and physics. In particular, it allows us to connect two interesting
kinds of geometry

There are still many open questions and things left to be done:

1. Understand more fully the moduli space

2. 1°* order Hamiltonian formalism (constraint structure)

3. Is it possible to construct a well-defined path integral for
action-dependent field theories?

If it is possible to construct a path integral, does our multicontact
Lagrangian evade any of the problems typically associated with the
construction of a (Euclidean) gravitational path integral, such as the
conformal instability?
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