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Homogeneous Boundaries of Symplectic Manifolds

(M ,c) a symplectic manifold

SEM a hypersurface (generilized boundary
ZeCt(M) a rector field s

.

t
.
Zh ,
S

CONTACT BOUNDARY
1 (2zw - w)) , = C MM

=> S' possesses a contact structure (U:= (W) contactform)
COSIMPLECTIC BOUNDARY

2 CzwI
,
s = 0 THM

=>S possesses a cosymplectic structure ( (4
: = ij(tzw)

,
d : = i(w) (

cosymplectic pair



Homogeneous Boundaries of Poisson Manifolds

(M ,m) a Poisson manifold

SEM a hypersurface (generilized boundary
ZeCt(M) a rector field s

.

t
.
Zh ,
S

1 (2zπ +π)) g = C

=> S' possesses a Jacobi structure (actually a Jacobi pair)

2 CziI
,
s = 0

Poisson Director
=> S possesses a Hamiltonian structure1Poisson "rector field



Homogeneous Boundaries of Complex Manifolds

(M
, 1) a complex manifotal

SEM a hypersurfacereal

ODD COMPLEX BOUNDARY

Zt((M) a rector field s
.

t. Zh ,
S THM

2zl/g = 0 =>S possesses a normal almost contact structure

Coda dimensional analogue of complex

[TASHIRO 1963]
,
[KENTARO , SHSERu 1965]



How about more general/different geometries ?

· Dirac structures

· Generalized Complex structures

⑨ G-structures

⑧ 11 d

PLAN : Discussing a general theorem that puts
all these cases under the same umbrella.



Contact/Cosymplectic Geometry Revisited

STANDARD ANALOGUES LINE BUNDLE PRINCIPAL IRE-BUNBLE

symplectic contact symplectic deg= 1 homogeneous
structure structure L-valued Atiyah Form symplectic structure

symplectic cosymplectic symplectic deg = 0 homogeneous
structure structure IR-valued Atiych Form symplectic structure

Poisson Jacobi ~ ~

complex odd complex ~ -

o 00 00 00



Derivations

E-> N a rector bundle

Derivation of E : D : TCE)+E)
· D is R-Linear

· Leibnit rule : D(fe) = X (f)e + fD(e)
,
I =: o(D)

symbol
Remarks :

- Derivations can be seen as infinitesimol automorphisms of E

~ Derivations are sections of the gange algebroid : DE= N ;

- DE acts on E and on RN -> Di(DE
,
E)

,
VIDE

, RN)
* DRNE TNARN Atiyah forms



Contact Structures

N a manifold

Contact structure on N : HETN
.

maximally non-integrable hyperplane distribution

L : = TN/H Line bundle

O : TN -> L the projection 0 = ch+(N
, L)

E contact structures S -> ↳ dosednondegeneratasewith TN/H = L
symplectic Atiych forms

H -> &DL (toa)
2(ker2) --1

w



Cosymplectic Structures

Cosymplectic Structure on N : (2 .n)
or + 22 (N)

, MerL(N)
M + 0 e /perm non degenerate t do = dn = 0

Goosymplectic structures onN - & clored
, non-degenerate 3We2(DRN

,
Ritirial(

IN IN remember

(28 , 4) -
↑N

(2) DRNETNERIRN

(W/TN:WIN) -I w

closed
,
non degenerate

"Conceptual"Cosymplectic structures = &Web (DL
, RN 3

on a line bunde L-> N (b-symplectic mefols w/ non-coorient . Singular locus)



Homogeneity Structures

Eline bundles3 & principal R
*
- bundles]

L 1 7
*
- 0 =: [ -*: h

(PxIR)/R* --1 P

reR*

Dictionary
T(L) - functions of degree 1 on [ : hif = rf

T(DL) - rector fiels of degree 0 on : h* X = X

Ri (DL
,
L) - differential forms of degreet : hw = ra

R: (DL ,RN deferential forms of degree 0 : htW = w

& eCf(t) the infinitesimal generator of the principal action h



Homogeneous Symplectic Manifolds

E contact structures S -> &homogeneous symplectic structures 3-

with TN/H = L on L of deg = 1

& cosymplectic structures) - (homogeneous symplectic
structures &

on L-> N on I of deg = O

E odd complex structures) - /homogeneouscomplex
strutstate

an L-> N

complex structure in DL= N

homogeneity = equivariance

ATT deg W = 0 #W equivariant wrt Istan:**ATT
stan

wY) ↓ h
r
(w) = h- (w)

-

L degw = 1 E w equivariant wrt h : R** RT*[

hi(w) = re , (r)



Contact Boundaries of Symplectic Manifolds

(M ,c) a symplectic manifold

SEM a hypersurface (generilized boundary
ZeCt(M) a rector field s

.

t
.
Et ,S

(2zw - w)) , = C

R*

Using a tubular neighborhood we can assume G

~ M = T for some (trivial) line bundes L-> N
M

- S = imo for some section MEN ! Se E=Z

-Z = E
2

N -Jo



R*
Consider the action

G
for:* C PT*M M

denote: (M) -> (A) ! S

xxx
the infinitesimal generator :S(w) = LzW-w N

"
-

j- 8

Remark
. (2zw -w) lg = 0 = W : = EWl = 0

Extend whyequivaiantly to a honogemous TERM) of de = 1

=> T is a homogeneous almost symplectic structure.

It is homogeneous sympactic if do = O but

di=w + 0(i) = 0 =,S' is contact #



An Abstract Picture
~ M a principal R

*-bundle

- S the image of a section a

R* R
*

- E an
*

-equivariant VB (e .g .

#T*M)
he ↳ E hE - a section of E- M (e

. g .

w
E-> M
~ D(zi) = 0M

! ↓ S

xxx for some (non-lucas)
V "

-

j R
*
- equivariant

EN > N

-
8

R-th order DO* (e . g . d)

Extend Zilyequivaiantly to a I-T(E) .

Question : when is D(E) = 0 ?

Thm
.
D(E) = DTI) + O (2" ..., [() where [1)=92: /

,
s



Generalized Complex Manifolds

M a manifold

#M = TMET*M generalite tangent bundle

- pr : AM- > TM la Courant algebroid)
↓ <-1-: TMQTM -> RM # (2) . (2)Y = (Ma ,Xz)+ <M2 , Xz)
-> I-1-D : T(TM)x(1) ->(TM) [(i) · (*)] = (axama
Generalized Complex Structure on M

I : AM ->M ,
# orthogonal wrt (7 :-1) &

2
= - 1& = O

1
TM T*M

TM & π-> Poisson structure on M S
( ( non-linear# =

+ w -pt integrability
condition



[IGLESIAS ,
WADE 2005]

Generalized Contact Bundles [V., WADE 2016]

L-> N line bunde

DL = DLGJ'L omni-tie algebroid JLE Hom (DL , L)

- pr : DL -> DL Can L .

-Convent algebroid (

- 4-1- : DLQDL-> L #(P) . (2)Y = <4.. D2) + <42 ,De)
-> I-1-D : T(DL) x + (DL) -> T(DL) I() · (h)] = (PLd+)

Generalit Contact Structure on L

~1K: DL +> DL , I orthogonalwrt (71) & 12 = -1 & 1 = O
#
1

DL X --> Jacobi structure on L
Ik = (

Dh Il

( S
t non-linearj -X

integrability
condition



Generalized Contact Boundaries

homogenous generalite
& generalite contact 3 T S complex structures on E 3structures on L ~

~

wrt. stang fph . IT ->Th
thm

(M , II) a generalized complex manifold
SEM a hypersurface GENERALIZED CONTACT BOUNDARY

ZeCt(M) a rector field s
.

t
.
Et ,S

THM

&(1) Ig = 0 (E() =(a)
=> S is generalited contact

Proof E = EndITM
, he = End (ftandfph)



Generalized Cosymplectic Bundles

L-> N line bunde

DPL = DLG (DL)* double of the gange algebroid

- e : DPL-> TM

- 4-1-: D"LQD"L-> RM #(P) . (2)Y = <4.. D2) + <42 ,De)
-> I-1-D : T(DEL) X + (DL) -> T(DL) #(*) · (i)D = (PLd+)

Generalized Cosymplectic Structure on L

I : DPL -> D'L
& Dorthogonalwrt (7 .-) &D = - 1 & My = 0

1

DX M-> Hamiltonian structure
I - (

DL (2)*

( S
eu
* & -xt non-linear

integrability
condition



Generalized Cosymplectic Boundaries
cosymplectic homogenous generalite

E generalite contact 3 T S complex structures on E 3structures on L ctor
- -

~

wrt. stang ph . T ->TL

thm

(M , II) a generalized complex manifold
SEM a hypersurface GENERALIZED COSYMPLECTIC BOUNDARY

#M

ZeCt(M) a rector field s
.

t
.
Et ,S

&(1) Ig = 0 (E() =(a)
=> S is generalited contact

cosymplectic

ctan

Proof E = EndITM
, he = End (ftandfph)



Homogeneous Boundary of G-structures

h : R
*ME-> N a principal R

*
- bundle

-

There is a notion of HOMOGENEOUS 6-STRUCTURE on L

contact
, cosymplectic ,

odd complex , ...
ITORTORELLA , YUDILEVICH , V . 2020]

Conjecture

(M ,zi) A manifold with a frmally integrable G-structure

SEM a hypersurface

ZeCt(M) a rector field s
.

t
.
Et ,S

APPROPRIATE INFINITESIMAL EQUIVARIANCE CONDITION ALONG
,S'

=>S possesses a formally integrabile homogeneous 6-structure
C

I



Thank. Youl!
'

isz


