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T'he pbirth of ‘spacetime

“Von Stund an sollen Raum fur sich und
Zelt tur sich vollig zu Schatten
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Hermann Minkowski



T'he pbirth of ‘spacetime

‘Hencelorth space by itself, and time by
itsell, are doomed to fade away Into mere
shadows, and only a kind of union of the
two will preserve an independent reality’

Hermann Minkowski
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Minkowskl spacetime

. an affine space A%
. aglobal chart (¢, x, y, 2)
. d lorentzian metric n = — c?dt* + dx* + dy* + dz*

. ¢ the speed of light
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. Automorphism (i.e., isometry) group is the Poincaré group G

- G C Att(4,R) c GL(5,R)

L?

. Lie algebra g = (LM Pﬂ) with u,v = 0,1,2,3

Lyws Lpol = MvpLpo — NupLlve — MvoLypp + Npo Lup
Lyws Pol = Mup Py — Npup Py
P, P,]=0




SVIMIMmetries

. Automorphism (i.e., isometry) group is the Poincaré group G
- G C Att(4,R) c GL(5,R)

. Liealgebrag =(L,,B, := L, P,,H := Py) witha,b =1,2,3

[Baa Bb:

o 10 B Py
Lap, Be] = 0peBa — 0acBb B,, H
[Lab7 Pc: = 0pe Py — 00 Py :Pa, Pb:
Lab, Lea) = OpeLad — dacLba — ObdLac + daaLie H,P,
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Kinematical Lie algera

(with d-dimensional spatial 1sotropy)

- The Poincare Lie algebra (as a Lie subalgebra of vector fields on Minkowski spacetime) consists of
rotations (L), boosts (B,), spatial (P,) and temporal (H) translations

- Relative to the rotation subalgebra, B, and P transform as the vector (fundamental) representation and
H is a scalar

- A kinematical Lie algebra g is a real Lie algebra with generators L ,, B, P, H such that L , = — L
generates a subalgebra ¥ = 3o0(d), relative towhichg = ad @ 2V @ R, where ad = AZ chol vV~ R4

- Morand (2023) introduced a general class of Lie algebras — (s, v)-KLAs — with a similar definition
except thatg = ad @ vV @ sR. So kinematical Lie algebras are (1,2)-KLAs
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Classification of (1,2)—KLAS

- Bacry + Lévy-Leblond (1968): d = 3 and with parity (B, - — B, P, — — P,) and time-

reversal (B, — — B, H — — H) automorphisms
- Bacry + Nuyts (1986): d = 3
+ JMF (2018): d > 3

. Andrzejewski + JMF (2018): d = 2



Kinematical .

e algebras (generic d)

Name Additional nonzero Lie brackets Comments
5
g H,B] =—P
n’ H,B]=B+P [H,P]=
nd H,B] = vB H,P] = vy € [-1,1]
n, H,B]=xB+P [H,P|=%xP—B x =0
v B, P] =
Tl H,B] = —¢P B,B] =¢L [B,P]= e =+1
so(d+1,1) | [H,B] = H,P] =—P B,PI=H+L
S H,B]=—eP  [H,P]=¢B B,B]=¢L [B,P]=H [P,Pl=¢L | e =+1

(Not shown are the Lie brackets involving the rotations, which are common to all KLAS)
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[nfinitesimal description: Klein pairs

. Letg = <Lab, B,,P, H> be a kinematical Lie algebro
. Leth = <Lab, Va> be a Lie subalgebra, where V., = aB, + pP_, # 0

- A Klein pair (g, §)) is effective if f) does not contain any (nonzero) ideal of g

- |t is geometrically realisable if there exists a Lie group G with Lie algebra g such that the

connected Lie subgroup corresponding to § is closed

. Two Klein pairs (g, §) and (g, §’) are isomorphic if there is a Lie algebra isomorphism

p:g— g withe(h) =1
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“undamental result

. Isomorphism classes of geometrically realisable, effective Klein pairs (g, §)) are in bijection

with isomorphism classes of simply-connected spatially isotropic homogeneous
spacetimes

. JMF+Prohazka (2019): classification of geometrically realisable, effective Klein pairs (for any d)

- They fall into a small number of geometries: riemannian, lorentzian, galilean, carrollian,

aristotelian ...

. Aristotelian Lie algebras have no boosts: they are the (1,1)-KLAs.

. An aristotelian Klein pair (a, ) is automatically effective and geometrically realisable.
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Non-lorentzian geometries

- Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

. A carrollian manifold is o triple (M, k, h) where k € X' (M) (nowhere zero) and h € T(Q*T*M)
positive-semidefinite corank-one with A(x, — ) = 0

. |tis the Cartan geometry modelled on Carroll spacetime

- Galilean geometry is the geometry of null Kaluza-Klein reductions of lorentzion manifolds

. A galilean manifold is a triple (M, 7, 7) where 7 € QY (M) (nowhere zero) and y € T(O*TM)
positive-semidefinite corank-one with y(z, — ) = 0

. |t is the Cartan geometry modelled on Galilei spacetime



Spatially isotropic homogeneous spacetimes

(d + 1)-dimensional and generic d and in a basis where f = <Lab, Ba>

Name Klein pair Nonzero Lie brackets in addition to [L,L] =L, [L,B] =B, [L,P]=P
Minkowski (iso(d, 1),s0(d, 1)) H,B] =—P B,B]=L B, P] =
de Sitter (so(d+1,1),s0(d, 1)) H,B]=—P [H,P]=-B B,B] =L B, P] = [P,P] =—L
anti de Sitter (so(d,2),s0(d, 1)) H,B]=—P [H,P]=B B,B] =L B, P] = [P,P]=L
euclidean (iso(d+1),s0(d+ 1)) H,B] = B,B]=—-L [B,P]=
sphere (so(d+ 2),s0(d+ 1)) H, B] = H,P] =—-B B,B]=—-L [B,P]= P,P] =—-L
hyperbolic (so(d+1,1),s0(d+1)) | [H,B] = H,P] =B B,B]=—-L [B,P]= P,P]=L
Galilei (g,is0(d)) H,B] = —P
de Sitter—Galilei (niz_l,iso d)) H,B]=—P [H,P]=-B
torsional de Sitter—Galilei (“ie(—1,1)’i5°(d)) H,B]=—P [H,P]=vB+(1+vy)P
torsional de Sitter—Galilei (n0,iso0(d)) H,B]=—P [H,P]= 2P
anti de Sitter—Galilei (ny—g,is0(d)) H,B]=—P [H,P]=B
torsional anti de Sitter—Galilei | (n _,is0(d)) H,B]=—P [H,P]=(1+x%x?)B+2xP
Carroll (¢,is0(d)) B,P]=H
de Sitter—Carroll (iso(d + 1),is0(d)) H,P]=-—B B,P]=H [P,P] =—L
anti de Sitter—Carroll (iso(d, 1),is0(d)) H,P] =B B,P]=H P,P] =
lightcone (so(d+1,1),is0(d)) H,B] =B H,P] =—P B,Pl=H+L




AdSC AdS
o

dSG

O
R x HP

AdSG = AdSGy

AdSG, >0

dSG; = AdSG,,

dSGyE[—l,l]

H]orentzian

egalilean

A carrollian

O aristotelian
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Breaking isotropy of homogeneous spacetimes

- Lletf =80(V) P 2V D R be akinematical Lie algebra with spatial isotropy: SO(V) acts
transitively on PV and consider an effective geometrically realisable Klein pair (¥, §)

- {/Hh=2VOR
- Fixaline? = Ry, € PV
. Let g C ¥ be the centraliser of £

. There are precisely three spatially isotropic Klein pairs (¥, §) for which (g, h N q) is the Klein
oadir of a homogeneous spacetime: those of Minkowski, Galilei and Carroll spacetimes
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I )

['wo kinds of Lie algebras

. The surviving rotations are those which fix Z, namely 8o0(Z+)

. For Minkowski and Carroll, @ = éo(fl) P 27+ P 2R (as a vector space)
. For Galilei, g = 80(Z) @ 27+ @ 3R

. So we get either a (2,2)—KLA or a (3,2)—KLA

. This suggests classifying (2,2)— and (3,2)—KLAs
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1Isnitz Lie algepras

(Anisotropy under scaling)

. Lifshitz Lie algebras are precisely the (2,1)—KLAs: the idea is to replace 8o(V') with
co(V) = 3o0(V) @ RD by adding a dilatation generator to an aristotelian Lie algebra

- The dilatation generator can have different weights on space and on time: anisotropy

. Every Lifshitz Lie algebra | fits into a short exact sequence

0 > 0 > [ > IR > ()

where a is an aristotelian Lie algebra and 1 € R acts on a as a grading element

JMF+Grassie+tProhazka (2022)
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Boost-extended Lifshitz Lie algebras
(Adding boosts of Litshitz Lie algebras)

. Adding boosts to a Lifshitz Lie algebras, results in a (2,2)—KLA.

. Let bbea (2,2)—KLA. Then it fits in a short exact sequence

0 > L > b » IR > 0

where § is a kinematical Lie algebra (i.e., a (1,2)—KLA) and 1 € R acts on £ as a derivation

JMF+Fluxman+Grassie+Prohazka (w.i.p.)
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otructure

. As a vector space, a (3,2)—KLAg=8o0(V) P 2VP 3R andletdimV =n

- Form > 3 the adjoint, vector and scalar representations of 8o0(7) are mutually non-
iIsomorphic

. Forn = 3, the adjoint and the vector representations are isomorphic
- Forn = 2, the adjoint and the scalar representations are isomorphic

- Forn = 1, the adjoint is trivial and the scalar and vector are isomorphic: any 5-dimensional
real Lie algebrais a (3,2)—KLA
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Structure
(contd)

- 5-dimensional real Lie algebras have been classified and we will ignore them in this talk

. (3,2)—KLAs with n = 2 is the subject of ongoing work, so we will not discuss them either

- We will concentrate in m > 3 which we will break up into the genericn > 3 case and the

specialn = 3 case

- Recall that these are transitive Lie algebras for coisotropy-one homogeneous spacetimes of
dimensionn + 2
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SOme notation

. We will let V denote the vector representation of 8o(V)
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with b a 3-dimensional (Bianchi) Lie algebra and p: b — gl(W) a 2-dimensional representation.

he subspace 80(V) @ b is a (direct sum) Lie subalgebra and it acts on V. @Q Win the obvious way:

X, vRw| =Xv®w
B, v @w| =v® p(B)w




Structure theorem for (3,2)—KLAs withn > 3

(contd)



Structure theorem for (3,2)—KLAs withn > 3

(contd)

The remaining Lie brackets are determined by a b-equivariant @ : A’ W > b



Structure theorem for (3,2)—KLAs withn > 3

(contd)

The remaining Lie brackets are determined by a b-equivariant @ : A’ W > b

V1 ® Wy, Ve ® wa| = awy, ws)vy A vo 4 (V1,v2) p(wy A ws)



Structure theorem for (3,2)—KLAs withn > 3

(contd)

The remaining Lie brackets are determined by a b-equivariant @ : A’ W > b

V1 ® Wy, Ve ® wa| = awy, ws)vy A vo 4 (V1,v2) p(wy A ws)

where a: WX W — R is the unigue b-invariant symmetric bilinear form satisfying



Structure theorem for (3,2)—KLAs withn > 3

(contd)

The remaining Lie brackets are determined by a b-equivariant ¢ : A’ W > b

V1 ® Wy, Ve ® wa| = awy, ws)vy A vo 4 (V1,v2) p(wy A ws)

where a: WX W — R is the unigue b-invariant symmetric bilinear form satisfying

p (p(wi, w2)) ws = a(wz, wz)w; — afwr, ws)ws



Equivalence criteria
(n>3)




Equivalence criteria
(n>3)

Let (b, p, a, @) and (b', p’, ', @’) be the data of two (3,2)—KLAs g and ¢’ withn = dim V > 3.
Fix an 80(V') subalgebra of g and " and consider w.l.o.g. isomorphisms f: @ — g’ which

are the identity on 80(V): relative isomorphisms. Every relative isomorphism fis given by



Equivalence criteria
(n>3)

Let (b, p, a, @) and (b', p’, ', @’) be the data of two (3,2)—KLAs g and ¢’ withn = dim V > 3.
Fix an 80(V') subalgebra of g and " and consider w.l.o.g. isomorphisms f: @ — g’ which

are the identity on 80(V): relative isomorphisms. Every relative isomorphism fis given by

f(X)=X,  f(B)=v(B), [flt®w)=v®h(w)



Equivalence criteria
(n>3)

Let (b, p, a, @) and (b', p’, ', @’) be the data of two (3,2)—KLAs g and ¢’ withn = dim V > 3.
Fix an 80(V') subalgebra of g and " and consider w.l.o.g. isomorphisms f: @ — g’ which

are the identity on 80(V): relative isomorphisms. Every relative isomorphism fis given by

f(X)=X,  f(B)=v(B), [flt®w)=v®h(w)

forXego(V),Beb veVandw € W, wherey: b — b’is a Lie algebra isomorphism ana

h: W — W'is a vector space isomorphism so that



rQulvalence criteria
(n>3)
Let (b, p, a, @) and (b', p’, ', @’) be the data of two (3,2)—KLAs g and ¢’ withn = dim V > 3.

Fix an 80(V') subalgebra of g and " and consider w.l.o.g. isomorphisms f: @ — g’ which

are the identity on 80(V): relative isomorphisms. Every relative isomorphism fis given by

f(X)=X,  f(B)=v(B), [flt®w)=v®h(w)

forXego(V),Beb veVandw € W, wherey: b — b’is a Lie algebra isomorphism ana

h: W — W'is a vector space isomorphism so that

plop=Ad(h)op, a=h*, PYop=hy



Remark about equivalent representations

The condition
p'otp=Ad(h)op
s strictly weaker than equivalence of the representations p and p’

So we need only classity real 2-dimensional representations of Bianchi Lie algebras up to the
above notion of equivalence.
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etgq=80(V)BDbD (VR W) be a(3,2)—KLA with data (b, p, a, @). Then exactly one of the
following three situations occurs:

1. VQ Wisabelian, sothat ¢ = 0 and hence a = 0
2. 0FZ[VR W, VQ W] C b sothata=0butg # 0

3. a# 0andhence g # 0

There are tables in the paper with all isomorphism classes of such Lie algebras.
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- When n = 3 the adjoint and vector representations of 80(3) are equivalent

. This changes the structure theorem by the addition of a b-equivariant symmetric bilinear
oc. WXW->W

. We now have

V1 Rw1, Va@wso| = a(wi, wa)v1 Ave—+(v1, v2) (w1 Aws )+ (v1 X v2) ® o(wq, ws)

where now a: WX W — R is uniquely characterised by

p(p(wy,ws)) ws + o(o(ws, ws),w) —o(o(wy,ws), ws) = aws, ws)w; — a(w, ws)ws
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- In addition, a, 6 and @ must obey the following two conditions:

a(o(wy,ws), ws) = a(o(ws,ws), wr)

ana

© (o(wy,ws) ANws + o(ws,w3) ANwy + o(ws,wy) Aws) =0
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- Let @ = (b, p, a, @, 0) denote the data defining a (3,2)—KLA g(®) withn = dimV = 3

. Anisomorphism f: g(®) — gq(P’) which is the identity on a fixed $0(3) subalgebra takes
the form

f(X)=X,  f(B)=v(B), [flvow)=v&hw)+ pw)e(v)

forall X € 80(3), Be b ve Vandw € Wand wheree: V — 8o(V) is such that

b
e(Wiv, = Vv, XV, y: b — b’isaliealgebraisomorphism, h : W = Wand u € (W*)
satistying

plop=Ad(h)op, a—poo+pu@pu=h'a’, hoo—p@h—-hop=h'e" Yop=hnr"y
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1. V®Q Wisabelian, sothat @ = 0 and o = 0 (and hence a = 0)

2. 0#[VQ W,V W] Cb, sothatgp #0buta=0ando =0

3. 0V W, VR W] C 8o(V)P b, sothata # 0 buto =0

4. V@ Wisanonabelian ideal, sothata = 0and @ = 0, but 6 # 0

Tables are given in the paper of the isomorphism classes of such (3,2)—KLAs.
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. Classification of (3,2)—KLAs withn =dimV = 2

. Classification of effective, geometrically realisable Klein pairs (g, §) where

» qisa(2,2)—KLAand § = 80(V) @ V (as a vector space)
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Watch this space!



