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“Henceforth space by itself, and time by 
itself, are doomed to fade away into mere 
shadows, and only a kind of union of the 
two will preserve an independent reality.” 

The birth of “spacetime”
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Minkowski spacetime

• an affine space 𝔸4

• a global chart (t, x, y, z)

• a lorentzian metric η = − c2dt2 + dx2 + dy2 + dz2

•  the speed of lightc
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Symmetries

• Automorphism (i.e., isometry) group is the Poincaré group  

•  

• Lie algebra  with 

G

G ⊂ Aff(4,ℝ) ⊂ GL(5,ℝ)

𝔤 = ⟨Lab, Ba := L0a, Pa, H := P0⟩ a, b = 1,2,3
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Kinematical Lie algera

• The Poincaré Lie algebra (as a Lie subalgebra of vector fields on Minkowski spacetime) consists of 
rotations ( ), boosts ( ), spatial ( ) and temporal ( ) translationsLab Ba Pa H

• Relative to the rotation subalgebra,  and  transform as the vector (fundamental) representation and 

 is a scalar

Ba Pa
H

• A kinematical Lie algebra  is a real Lie algebra with generators  such that  

generates a subalgebra , relative to which , where  and 

𝔤 Lab, Ba, Pa, H Lab = − Lba
𝔯 ≅ 𝔰𝔬(d) 𝔤 = ad ⊕ 2V ⊕ ℝ ad ≅ ∧2 V V ≅ ℝd

• Morand (2023) introduced a general class of Lie algebras — -KLAs — with a similar definition 
except that .  So kinematical Lie algebras are -KLAs

(s, v)
𝔤 = ad ⊕ vV ⊕ sℝ (1,2)
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Classification of KLAs(1,2)−

• Bacry + Lévy-Leblond (1968):   and with parity ( , ) and time-
reversal ( , ) automorphisms

d = 3 Ba ↦ − Ba Pa ↦ − Pa
Ba ↦ − Ba H ↦ − H

• Bacry + Nuyts (1986):  d = 3

• JMF (2018): d > 3

• Andrzejewski + JMF (2018):  d = 2



Kinematical Lie algebras (generic )d

(Not shown are the Lie brackets involving the rotations, which are common to all KLAs)
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Infinitesimal description: Klein pairs

• Let  be a kinematical Lie algebra𝔤 = ⟨Lab, Ba, Pa, H⟩
• Let  be a Lie subalgebra, where 𝔥 = ⟨Lab, Va⟩ Va = αBa + βPa ≠ 0

• A Klein pair  is effective if  does not contain any (nonzero) ideal of (𝔤, 𝔥) 𝔥 𝔤

• It is geometrically realisable if there exists a Lie group  with Lie algebra  such that the 
connected Lie subgroup corresponding to  is closed

G 𝔤
𝔥

• Two Klein pairs  and  are isomorphic if there is a Lie algebra isomorphism 
 with 

(𝔤, 𝔥) (𝔤′￼, 𝔥′￼)
φ : 𝔤 → 𝔤′￼ φ(𝔥) = 𝔥′￼
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Fundamental result

• Isomorphism classes of geometrically realisable, effective Klein pairs  are in bijection 
with isomorphism classes of simply-connected spatially isotropic homogeneous 
spacetimes

(𝔤, 𝔥)

• JMF+Prohazka (2019): classification of geometrically realisable, effective Klein pairs (for any ) d

• They fall into a small number of geometries: riemannian, lorentzian, galilean, carrollian, 
aristotelian,…

• Aristotelian Lie algebras have no boosts: they are the -KLAs.(1,1)

• An aristotelian Klein pair  is automatically effective and geometrically realisable.(𝔞, 𝔯)



Non-lorentzian geometries



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

• A carrollian manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, κ, h) κ ∈ 𝒳(M) h ∈ Γ(⊙2T∗M)
h(κ, − ) = 0



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

• A carrollian manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, κ, h) κ ∈ 𝒳(M) h ∈ Γ(⊙2T∗M)
h(κ, − ) = 0

• It is the Cartan geometry modelled on Carroll spacetime



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

• A carrollian manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, κ, h) κ ∈ 𝒳(M) h ∈ Γ(⊙2T∗M)
h(κ, − ) = 0

• It is the Cartan geometry modelled on Carroll spacetime

• Galilean geometry is the geometry of null Kaluza-Klein reductions of lorentzian manifolds



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

• A carrollian manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, κ, h) κ ∈ 𝒳(M) h ∈ Γ(⊙2T∗M)
h(κ, − ) = 0

• It is the Cartan geometry modelled on Carroll spacetime

• Galilean geometry is the geometry of null Kaluza-Klein reductions of lorentzian manifolds

• A galilean manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, τ, γ) τ ∈ Ω1(M) γ ∈ Γ(⊙2TM)
γ(τ, − ) = 0



Non-lorentzian geometries

• Carrollian geometry is the geometry of null hypersurfaces in lorentzian manifolds

• A carrollian manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, κ, h) κ ∈ 𝒳(M) h ∈ Γ(⊙2T∗M)
h(κ, − ) = 0

• It is the Cartan geometry modelled on Carroll spacetime

• Galilean geometry is the geometry of null Kaluza-Klein reductions of lorentzian manifolds

• A galilean manifold is a triple  where  (nowhere zero) and  
positive-semidefinite corank-one with 

(M, τ, γ) τ ∈ Ω1(M) γ ∈ Γ(⊙2TM)
γ(τ, − ) = 0

• It is the Cartan geometry modelled on Galilei spacetime



-dimensional and generic  and in a basis where (d + 1) d 𝔥 = ⟨Lab, Ba⟩
Spatially isotropic homogeneous spacetimes
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Breaking isotropy of homogeneous spacetimes

• Let  be a kinematical Lie algebra with spatial isotropy:  acts 
transitively on  and consider an effective geometrically realisable Klein pair  

𝔨 = 𝔰𝔬(V) ⊕ 2V ⊕ ℝ SO(V)
ℙV (𝔨, 𝔥)

• 𝔨/𝔥 ≅ V ⊕ ℝ

• Fix a line  ℓ = ℝv0 ∈ ℙV

• Let  be the centraliser of 𝔤 ⊂ 𝔨 ℓ

• There are precisely three spatially isotropic Klein pairs  for which  is the Klein 
pair of a homogeneous spacetime: those of Minkowski, Galilei and Carroll spacetimes

(𝔨, 𝔥) (𝔤, 𝔥 ∩ 𝔤)
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• The surviving rotations are those which fix , namely ℓ 𝔰𝔬(ℓ⊥)

• For Minkowski and Carroll,   (as a vector space)𝔤 = 𝔰𝔬(ℓ⊥) ⊕ 2ℓ⊥ ⊕ 2ℝ

• For Galilei, 𝔤 = 𝔰𝔬(ℓ⊥) ⊕ 2ℓ⊥ ⊕ 3ℝ

• So we get either a KLA or a KLA(2,2)− (3,2)−

• This suggests classifying  and KLAs(2,2)− (3,2)−
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Lifshitz Lie algebras

• Lifshitz Lie algebras are precisely the KLAs:  the idea is to replace  with 
 by adding a dilatation generator to an aristotelian Lie algebra

(2,1)− 𝔰𝔬(V)
𝔠𝔬(V) = 𝔰𝔬(V) ⊕ ℝD

• The dilatation generator can have different weights on space and on time: anisotropy

• Every Lifshitz Lie algebra  fits into a short exact sequence𝔩

where  is an aristotelian Lie algebra and  acts on  as a grading element𝔞 1 ∈ ℝ 𝔞

JMF+Grassie+Prohazka (2022)
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(Adding boosts of Lifshitz Lie algebras)

Boost-extended Lifshitz Lie algebras

• Adding boosts to a Lifshitz Lie algebras, results in a KLA.(2,2)−

• Let  be a KLA.  Then it fits in a short exact sequence𝔟 (2,2)−

where  is a kinematical Lie algebra (i.e., a KLA) and  acts on  as a derivation𝔨 (1,2)− 1 ∈ ℝ 𝔨

JMF+Fluxman+Grassie+Prohazka (w.i.p.)
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Structure

• As a vector space, a KLA  and let (3,2)− 𝔤 = 𝔰𝔬(V) ⊕ 2V ⊕ 3ℝ dim V = n

• For  the adjoint, vector and scalar representations of  are mutually non-
isomorphic

n > 3 𝔰𝔬(n)

• For , the adjoint and the vector representations are isomorphicn = 3

• For , the adjoint and the scalar representations are isomorphicn = 2

• For , the adjoint is trivial and the scalar and vector are isomorphic: any 5-dimensional 
real Lie algebra is a KLA

n = 1
(3,2)−
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Structure

• 5-dimensional real Lie algebras have been classified and we will ignore them in this talk

• KLAs with  is the subject of ongoing work, so we will not discuss them either(3,2)− n = 2

• We will concentrate in  which we will break up into the generic  case and the 
special  case

n ≥ 3 n > 3
n = 3

• Recall that these are transitive Lie algebras for coisotropy-one homogeneous spacetimes of 
dimension n + 2
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Remark about equivalent representations

The condition 

is strictly weaker than equivalence of the representations  and . 

So we need only classify real 2-dimensional representations of Bianchi Lie algebras up to the 
above notion of equivalence.

ρ ρ′￼
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There are tables in the paper with all isomorphism classes of such Lie algebras.
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where now  is uniquely characterised byα : W × W → ℝ
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• Classification of effective, geometrically realisable Klein pairs  where(𝔤, 𝔥)

•  is a KLA and   (as a vector space)𝔤 (2,2)− 𝔥 = 𝔰𝔬(V) ⊕ V

•  is a KLA and  (as a vector space)𝔤 (3,2)− 𝔥 = 𝔰𝔬(V) ⊕ V ⊕ ℝ

• For each such Klein pair, study the linear isotropy representation and determine the invariant 
geometric structures on the coisotropy-one homogeneous spacetimes

(Work in progress with Juanma Lorenzo-Naveiro)



Watch this space!


